Hue University Journal of Science: Natural Science
Vol. 128, No. 1D, 5-15, 2019

pISSN 1859-1388
eISSN 2615-9678

OPTIMALITY CONDITIONS FOR NON-LIPSCHITZ VECTOR
PROBLEMS WITH INCLUSION CONSTRAINTS

Phan Nhat Tinh*

University of Sciences, Hue University, 77 Nguyen Hue St., Hue, Vietnam

* Correspondence to Phan Nhat Tinh <pntinh@hueuni.edu.vn>
(Received: 03 June 2019; Accepted: 04 November 2019)

Abstract. We use the concept of approximation introduced by D.T. Luc et al. [1] as a generalized
derivative for non-Lipschitz vector functions to consider vector problems with non-Lipschitz data under
inclusion constraints. Some calculus of approximations are presented. A necessary optimality condition,
a type of KKT condition, for local efficient solutions of the problems is established under an assumption
on regularity. Applications and numerical examples are also given.
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1 Introduction

Several problems in optimization, variational
analysis and other fields of mathematics concern

generalized equations of the form

0 €F(x), (1)
where F:X - Y is a set-valued map and X,Y are
normed spaces. For instance, an inclusion
constraint of the form

g(x) €K, )

where g: X - Y and K c Y, can be rewritten as (1)

if we set

Fx) = g(x) — K.

A more typical example is a constraint

system of equalities/inequalities

gi(x)<0,i=1,..,n 5
(hj(x) =0,j=1,..,k, 3)

where g;, h;: X > R. We can rewrite (3) as (1) by

setting

g = (gl' o n, hll ”"hk)
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K =R} X {0z}
F(x) = gx) + K.

Vector optimization problems with
inclusion constraint (1) have been studied by
several authors [2-5]. In [2], objective functions are
assumed Second-order

locally  Lipschitz.

optimality conditions are considered in [3-5].

In this paper, we consider the vector

problem
minf(x)s.t.0 € F(x), (P)

where f:X - R™

function. We shall wuse the

is a mnon-Lipschitz vector
concept of
approximation introduced in [1] as generalized
derivatives to investigate the problem. In the next
section, we recall some properties of locally
Lipschitz set-valued maps. The definition and
some calculus of approximation are presented in
Section 3. Section 4 is devoted to establishing a
necessary optimality condition, a type of KKT’s
condition, for local efficient solutions to (P).

Applications and examples are also given.
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Let X be anormed space and let 4 c X. We
denote the closed unit ball in X, the unit sphere in
X, the closure of A4, and the convex hull of A by
By, Sx, cl4,and coA, respectively.

2 Preliminaries

In this section, we assume that X,Y are Hilbert
spaces and F:X —Y is a locally Lipschitz set-
valued map with nonempty, closed and convex
values. We recall that F is said to be locally
Lipschitz at X € X if there exist a neighborhood U

of X¥ and a positive number a satisfying

F(x;) € F(xy) + aBy (0,1l x; — x5 1), Vxy,x, € U.
The distant function of F is defined by

dr(x):=inf{ll y Il:y € F(x)},Vx € X.

It is a continuous function since F is locally
Lipschitz. Let x € X be arbitrary. Set

Yi(x) = {y* EY*:| sup (y*y) < +00}
yEF(x)

Yy = {y* EY™:| sup (y",y) < 4oo,Vx € X},
yEF(x)

where Y* is the topological dual space of Y.
Lemma 2.1 Yz (x) is not dependent on x.
Proof. Let x € X be arbitrary. Set
Si={x'eX:YVr(x") =Y (x)}.

We note that in a Hilbert space, the image of
any ball under a continuous linear functional is
bounded. Then, S is open since F is locally
Lipschitz. Also by the locally Lipschitz assumption
of F, every cluster point of S is contained in S.

Hence, S is closed. Obviously, S # @. Hence, S =

X since every normed space is connected.

So, we have Y7 = Y7 (x),Vx € X. Note that
Y7 is a convex cone. For y* € Yy, define a support

function of F by the rule

Cr(y",x):= sup (y",y),Vx € X.
YEF (x)

Since F is locally Lipschitz, it can be
verified that Cr(y",.) is locally Lipschitz, too.

We say that F has the Cl-property [2] if the
set-valued map (y*,x) €Yy x X = 0Cx(y",x) c X~
is u.s.c., where X*,Y* are endowed with the

weak*-topology and X with the strong topology
that is, if x, = x in X,y,’{m—}>y* in Y7, x,*lvi)x*
with x5, € 0Cz(y5,x,) , then x*€dC(y", x) .
(Where 9Cr(y*,x) denotes the Clarke generalized

gradient of the support function Cr(y",.) at x.)

We now recall and establish some useful
properties of the distant function and support

functions of F.

Lemma 2.2 [2, Proposition 3.1] Assume that F has
the Cl-property. If dp(x) > 0, then there exists y* €
Y NSy such that

( 0dp(x) € —aCp(y", x).
dp(x) = —=Cp(y", x).

Lemma 23 Let X €X be arbitrary. If {y;}c
Yi,yn > y°, then

Cr(y*, %) < limsupCr (yy, ¥).

n—oo

Proof. By the definition of support functions, one

can find a sequence {y,,} € F(¥) with

Lim (y*, yn) = Cr (", ).

Since

lim (v, ym) = " ym), Y,

one can choose a subsequence {yy, },, such that
Jim (y2,ym) = Cr (", %)

which implies

Cr(y*, %) < limsupCF(y,’{m, f) < limsupCr(y;;, X).

m—oo n—-oo

Lemma 2.4 For every X € X,y™ € Yz, there exists a

neighborhood U of X satisfying
Ce(y", %) S Ce(y ,x) +ally Il x—xl,vx €U,

where «a is a Lipschitz constant of F at x.
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Proof. Since F is locally Lipschitz at X, there exist
a neighborhood U of x and a positive number «a

satisfying
F(X)c F(x)+allx—X |l By,Vx € U.
Let y € F(x) be arbitrary. One can find y' €
F(x),u € By such that
y=y'+allx—xIu

Therefore,

=(yLyY+alx—x I (y*u)
<SCOhx)+allx—x Ny

sy

which implies

Cr(y" %) < Cr(y"x)+ally Il x—x .

3  Approximation

Assume that X,Y are normed spaces. Let {4, },en
be a sequence of subsets of Y. We say that {4,}

converges to {0}; denoted 4, — 0, if
Ve>0,3aN:n >N = A, < By (0, ).

Let x,u € X. A sequence {x,} c X is said to
converge to X in the direction u, denoted
Xy =y X, if
3t, | 0,u, = usuch that x,, = X + t,u,, vn.

Let r: X —» Y. We say that r has limit 0 as
x converges to 0 in direction u , denoted
lim r(x) =0, if

x—40
Vi{xn} € X, x, =y 0= 7(x,) - {0}

Denote the space of continuous linear
mappings from X to Y by L(X,Y). For Ac
L(X,Y),y*€Y* and x € X, set A(x):={a(x):a €
A}, (y" o A)(x): = y*[A()].

Let f:X—>Y and x€X . The following
definition of approximation is a version of [1,

Definition 3.1] with a minor change.

Definition 3.1 A nonempty subset Ap(X) € L(X,Y)
is called an approximation of f at X € X if for every

direction u # 0, there exists a set-valued map 1,: X —
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Y with limoru(x) =0, such that for every sequence
xX—y

{x,} © X converging to x in the direction u,

fxn) € f(X) + Ap(X) (xn = D)+ 2 = X 11 7, (Ot =
),

for n being sufficiently large.

The concept of approximation was first
given by Jourani and Thibault [6] in a stronger
form. It requires that
fOx) € f(x") +Ar () (x —xD)+Il x —x" Il 7(x, x"),

Allali and
Amahroq [7] give a weaker definition by taking

where r(x,x')—>0 as x,x' ->x .

x' = x in the above relation. It is clear from the
above definitions that an approximation in the
sense of Jourani and Thibault is an approximation
in the sense of Allali and Amahroq, which, in its
turn, is an approximation in the sense of Definition
3.1. However, the converse is not true in general as
shown in [1]. The definition by Jourani and
Thibault evokes the idea of strict derivatives and is
very useful in the study of metric regularity and
stability properties, while Definition 3.1 is more
sensitive to the behavior of the function in
directions and so it allows to treat certain questions
such as existence conditions for a larger class of

problems.

We note that the Clarke generalized
gradient locally Lipschitz functions on Banach
spaces [8] is an approximation in the sense of Allali
and Amahroq. Hence, it is also an approximation
in the sense of Definition 3.1. Now, we establish
some basic calculus for approximations that will be
needed in the sequel. The next two lemmas are

immediate from Definition 3.1.

Lemma 3.1 Let f,g:X->Y . If f,g admit
Ar (%), Ag(X), respectively, as approximations at x € X,
then f+g,(f,g) admit Aq(%) +Ay(x), Ap(¥) x
Agy(x), respectively, as approximations at X (where

(f, 9) @)= (f (1), g()).
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Lemma 3.2 Let f:X - Y. If As(%) is an approxi-
mation of fat X € X, then, for every y* €Y*, y*o
Ar(x) is an approximation of y* o f at X.

For a set-valued map r: X — Y, we set
M. (x):=supfll z ll: z € r(x)},Vx € X.

Lemma 3.3 Let f:X->Y, g:Y - R. Assume that
Af(x) is a bounded approximation of f at x € X and
g is differentiable at y: = f (). Then,Dg(y) o A¢(%) is

an approximation of g o f at X.

Proof. Since g is differentiable at j, we have the
following representation
g0 =g@) +DgM& =N+y =y I sty =),
where s:Y - R satisfies Liirgs(z) =0. Let ue
X{0} be arbitrary. By assumption, one can find a
set-valued map r,: X —» Y with JlTor(x) = 0 such
that for every sequence x, —, ¥, we have
f(xn) € () + Ap(X) (xn, — D)+l X, — X
(EACT

for n being sufficiently large. Denote
M:=sup{ll ¢ I: ¢ € A;(2)}.

We have
PO+ F06) = ) [[s[F () - F (X))

(x, —Y)+HXH-YHFU(XH—¥)]+

X,) - f(X)]

olf(x,)1 = glf (X)]+Da(MLF (x,) -

e g[f(X)]+ Dg(NIA; (%)

+[£0x,) = TR [IsLf(

=g° f(x )+[ 9(¥)> A (

+[ F(x,) - F(X) || s[f

cge f(><)+[D (V)2 A JX)(x, %)+ [ %, =X || [Dg(¥) =1, 1(x, - X) +
+[1%, =X[[0,M + M, (x, =X)IsL f (x,) - f (X)]

=g f(X)+[Dg(y)- A ( D06 =)+ %, =X [ 1, (%, =X),

n

)-
X)](xn—x +[ %, =X||[Dg(y
%)= f(¥)]

Yer](x, -X)+
(
1

where
'y (): = Dg(F) o 1,(x) + [0, M + M, ()]s (x)
with s'(x): = s[f(x + %) — f(%)]. It can be verified
that J}LTOr’u(x) = 0. The lemma is proved.

Let f;,f>: X > R. For every x € X, put
h(x): = max{f, (x), f,(x)}
and J(x) = {ilf;(x) = h(x)}.

Lemma 3.4 Assume that f, foare continuous at X €
X. If Ag, (X) and Ag,(X) are approximations of f; and

fo at X, respectively , then

Ap(x) =

i€ (x

) fi €3
is an approximation of h at X.

Proof. Let u € X{0} be arbitrary. By the definition
of approximation, there exist maps 7, s,:X - R
with lim ru(x) =0, llm su(x) =0 such that for

x—40
every sequence {x,} C X converging to X in the

direction u, one has

f1(xn) € f1(X) + Ap, () (xy, — )+l x,, — X I

Tu(xn - f) (4)
f2(xn) € f2(5%) + Ap, (1) (e, =)+l 2, — X |l
Su (X — %) (5)

for n being sufficiently large. One of the following

cases holds.

i) J@={12} . Set t,(x)=nr(x)U
s, (x),Vx € X. From (4) and (5), one has
h(x) € h(®) + (A, () U AL (D) (i — D)+l 2, — 7
I tu(xn - f)
for n being sufficiently large. Since limotu x)=0,
X=u
Ar, (X) U Ag, (X) is an approximate of h at X.

ii) J(%) = {1}. Since f;, f, are continuous at

fi(xn) > f(xn)  for
sufficiently large. It implies that

X , we have n being

h(x,) € h(x) + A, (X)(x, — )+l x, — X

” Ty (xn - JZ)-
Hence, Az, () is an approximate of h at .
iii) J(x) = {2}. Analogously, we have A, (X)

is an approximate of h at X. The lemma is proved.
Let ¢: X - R.

Lemma 3.5 Assume that X is a reflexive space. If X €
X is alocal minimum of ¢ and ¢ admits Ay (X) asan

approximation at X, then

0 € clcoAy ().
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Proof. Suppose, on the contrary, that 0 ¢
clcoAy(x). Since X is reflexive, by using the
strong separation theorem, one can find a vector

u € X{0} and a positive number ¢ satisfying
(x",u) < —¢,Vx" € Ay ().
Corresponding to the direction u, there

r:X >R with

limoru(x) =0 such that for every sequence
X-y

exists a set-valued map

Xn =y X, one has
f(xn) € f(f) + Aqb(f)(xn - f)"’" Xp — X

” ru(xn - f)

for sufficiently large n. Since x,:=x + %u -y X,

we get
nlf (xn) = ()] € A (D) @)+l w Il 7, Gey — X)
e (~o0-%
2

for sufficiently large n. We have a contradiction.

4  Optimality condition

In this section, we assume that X,Y are Hilbert
spaces and that R™ is ordered by a closed, convex
cone C which is not a subspace. We denote the

polar cone of € by C’; that s,
C':={z"€ R™:(z*c)>0,Yc e}

Let f:X > R™ and let F:X - Y be locally
Lipschitz with Yy being weak* closed. We consider

the problem

minf (x)s.t.0 € F(x). P)
Set

Si={x €X:0 € F(x)}.

We recall that a vector ¥ € S is called a local
efficient solution of Problem (P) if there exists a
neighborhood V of ¥ such that

X€ESNV = f(x) & f(%) — (C(C n—C)).

Problem (P) is said to be regular at a feasible

point X [2] if there exist a neighborhood U of x

DOI: 10.26459 /hueuni-jns.v128i1D.5276

and positive numbers §,y such that for every x €

Uy €Yy, x* €0C:(y*,x), there exists né€
Bx(0,6) satisfying
Crynx) + )y =y lly" I (6)

Firstly, we establish some results which will
be used in the proof of the main result of the
section. Let A ¢ R™ be a nonempty set. Consider

the support function of A

s(A,x): = sup(a, x).

a€A

For each x € R™, we set
I(x):={a € A:{a,x) = s(4,x)}.

Proposition 4.1 Assume that A is compact. Then
s(4,.) is differentiable at X € R™ if and only if I1(X)

is a singleton. In this case,
Vs(4,.)(X) =a
with a being the unique element of I(X).

Proof. Since A is compact, I(x) # @,Vx and
s(4,.) is a convex function with the domain R™;
consequently, s(4,.) is locally Lipschitz on R™.
Hence, by Rademacher’s Theorem, s(4,.) is
differentiable almost everywhere (in the sense of
Lebesgue measure) on R™. Denote the set of all
points at which s(4,.) is differentiable by M.

For the “only if’ part, assume that s(4,.) is
differentiable at x. Let a € I(X) and v € R™ be
arbitrary. We have

s(A,x +tv) —s(4,%)

(Vs(4,.)(x),v) = ltilr(r)l

t
sup{a, X + tv) — (a, x)

= lim &4

tlo t

. A{a,x+tv) —(a,x)

im

tlo t
- (dl U)

This implies a = Vs(4,.)(¥). Hence,
I(x) = {Vs(4,.)(x)}.

For the ’if’ part, assume that I(X) is a
singleton and its unique element is denoted by a.

Firstly, we show that the set-valued map I:x —
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I(x) is w.s.c. at x. Indeed, suppose the contrary,
then one can find a number € > 0 and a sequence

{x,} converging to ¥ such that

I(x,) ¢ (@, e).

Let a, € I(x,)\B(@, ¢). Since A is compact,
we may assume that a, — q, for some a € A with
a # a. Since {a,, x,) = (@, x,), taking the limit, we
have (a,x) = (a, x). Hence, (a,x) = s(4,x), which

implies a = a. We get a contradiction.

Now, let {x,}cM such that x,—
x,Vs(4,.)(x,) - x*, for some x* € R™. From the
proof of the ’‘only if’ part, we have I(x,)=
{Vs(4,.)(x,)}. Then, the upper semicontinuity of I
at x¥ implies x*=a , and consequently,
ds(A,.)(x) ={a} =1(x) . Therefore, s(4,.) is
differentiable at X and Vs(4,.)(x) = a. The proof

is complete.

Let a € R™. We define a set-valued map

®: X - R™ as follows
D(x)=f(x)+a+C.
Lemma 4.1 We have

do(x) =

If dq;.(x) >0 ’
element z* € C' N Bgm such that

de(x) = (2", f(x) + a).

Furthermore, || z* |I= 1.

[s(C" N Bgm,.) o (f +a)](x),Vx € X.

then there exists a unique

Proof. Firstly, we prove that, for every x € X,

— sup (¥, y). ()
yeED(x)

de(x) = max
y*e=C'NBpm

Indeed, since ®(x) is closed and convex,
there exists a unique element y € ®(x) such that
de(x) =l y Il and
¥, y) = (¥, y), Yy € ®(x). 8)

For every y* € —C' N Bgm, we have

—sup (y"y)=_inf (=y"y) < (=y P <y

yED(x) yED(x)
= do(x).

10

Therefore,
dp(x) > max — sup (y",y) )
y*e-C'NBrm YED(x)

If 0ed(x),

—C' N Bgm, we have

de(x) =

then by choosing y*=0€

= - Sup (y y). (10)
yED

(9) and (10) imply (7).
If 0¢ ®(x), then by taking (8) into account

and choosing y* = _ﬂ € —C' N Sgm, we have

&,y < Ty =-1¥I,Vy € d(x).

Hence,

de(x) = — sup (y y). (11)

yED
(9) and (11) imply (7).
For every y* € —=C' N Bgm, one has

sup (y Y)Y =) +a) (12)

yED(x)
which together with (7) gives
de(x) =  max (z f(x)+a)
€C’'nNBy

= [s(C' N Bgm,.) o (f + &)](x).
Now, we consider the case when dg(x) > 0,
or equivalently, 0 € ®(x). From (11) and (12), one
has

de(x) = — SUp (y V) =(z", f(x) + a)

yed
with z" = —y* = ﬂ € C' N Sgm. Suppose that we
have y* € C' N Bym also satisfying

do(x) =(y", f(x) +a) = S (=y" )

=, Elcrl.}(fx)(y ,Y)

Then,

(", 7) = dp(x) = ("i—”y)

which implies

.y _>
_—_—, >0
(y Y
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Set c=y* — 2 We have
171

x y
120y IP=lc+——1*=llcII* +

170
n4;W+4a¥>z1HcM
il 70

Hence, ¢ = 0, which implies y* = z".

Lemma 4.2 Let Xx € X. If dp(X) > 0 and f admits
Af(x) as a bounded approximation at X, then there
exists z* € C' N Sgm such that z" o Aq(X) is an
approximation of de at X, where z" o Aq(X):=
{(z,¢O)¢ e 4D} .

Proof. By Lemma 4.1,

de = [s(C" N Bgm,.) o (f + a)]

and there exists a unique element z* € C' N Bgm
satisfying

s(C' N Bgm, f(x) +a) =(z", f(x) + a).

Moreover, || z* = 1. By Proposition 4.1, the
support function s(C’' N Bgm,.) is differentiable at
y=f()+a and
Vs(C' N Bgm,.)(y) = z*.

Hence, by Lemma 3.3 and Lemma 3.1, z" o
Af(X) is an approximation of dg at x.

Define
¢(x):=f(x)+C,vx €X.

Lemma 4.3 If f is continuous, then so is d¢.
Proof. Suppose on the contrary that dg is not

continuous. Then, there exist x € X, € >0 and a

sequence {x,} c X such that

Xp > X
dy(x,) & dp(X) + (—¢,€),Vn.

Without loss of generality, we may assume

one of the following cases holds.

i) dg(x,) < dg(%) — &, Vn. Since C is closed
and convex, for every n, one can find a point ¢, €

C satisfying

f(xn) + ¢y € Bgm(0,dy (%) — €). (13)
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It can be verified that
£
[Bam (f(f),z) +C| N Ban(0,dg (%) — £) = 0.

By the continuity of f, there exists x, such
that

fGin) € Bam (£(D,35)

Hence,
f(xn) + ¢y & Brm(0,dy (%) — €)
which contradicts (13).

ii) dg(x) < dy(x,) — € Vn. Analogously, we

also get a contradiction. The lemma is proved.
Assumption 1:

Je > 0: Y coAs(x) is relatively compact.
X

By (x,€)

Assumption 2: co4y is closed at ¥, ie., if x, -
X, wy o> w’ then w*e

coAs(x).

with  wy € coAr(x,)

Theorem 4.1 Assume that F has the Cl-property and
f s
approximation Ag(x) at every x in a neighborhood of
X € X, which fulfills Assumptions 1,2. If X is a local
efficient solution of (P)and (P) is reqular at X, then there
exist z* € C'{0},y* € Y5 such that

0 € z" o coAs(X) — ACr(y",.) (%)

(Cp(y*,f) = 0.

Proof. Our proof is similar to the ones used

continuous. Suppose that f admits an

in [9] and [2]. Since C is not a subspace, one can
find c € C with [[cll=1 and

c¢—C. (14)

For every x € X, define

$u0) = ()~ @ +c 4 C.
h,(x) = max{d¢n (%), dg (x)}.
We see that h,(x) < % + ;g}f(hn(x) . By
Lemma 4.3, dg, is continuous and hence, h, is

too. Then, by Ekeland’s Variational Principle, one
can find x, € X such that

11
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1
Il x, —% IS —
" Vn
1
hy(x,) < hpy(x) +—= 1l x, — x Il Vx € X.

N
Therefore,x,, is a minimum of the function
h,(x) + \/% I x, —x Il. By Lemma 3.5 and Lemma
3.3,
0 € cleold, () +—B ]
clco x — By+|.
hp\An \/ﬁ X

Taking Lemma 3.4 into account, we can see
there exist w,, € X*,4,, € [0,1] such that w, - 0

and

1
wy € lnCOAd(pn (xn) + (1 - ln) adF(xn) + _nBX*r

Vo
where 1, =0 if dp(x,) >dg, (x,) and 4, =1 if
dp(xn) < dg, (xp)-

Note that h,(x,) > 0; otherwise, f(x,) —
f (%) +§c € —C,dp(x,) =0 . Then, 0€F(x,) (
since F(x,) is closed ) and by the assumption on
%X, f(x) — f(x,) € —C. This implies ¢ € —C, which
contradicts (14).

By Lemma 2.2 and Lemma 4.2, there exist
7y € C' N Spm, ¥ € Y N (Sy+ U {0}) such that
wy € Anz‘r*l ° COAf(xn) - (1 - An) aCF(y;{t xn) +
1
=By (15)
dr(xn) = =Cr (Y, Xn)- (16)
We may assume that 1, - 1€ [0,1],z; =
z5 € C' N Sgm and that
* A * *
Yn = Yo €Yp (17)

(since {y,} isbounded and Yy is weak *-closed).
Let n—> o, by Assumptions 1,2 and by the
Cl-property of F, we have

0 € z" o coAs(X) — 0Cr (Y™, X),
where

"=z € C,y* = (1 - Ay € Yz (18)

12

We shall A>0 , then

consequently, z* # 0. Indeed, from (15), for every

show that

n , we can find xi, € coAr(x,), x5, €
aCF (yn*! xn)) Xgn € Bx* Satlsfy1ng

1

(1= A + =

— * ok
Wp = Anznxln -

X3p- 19)

By regularity, for n being sufficiently large,
there exists &, € §By such that
Cr Oy Xn) + (X530, 60) 2 7. (20)

(19) and (20) imply

1
(Anzr*len + ﬁx§n —Wn fn)
2 (1 =24 = Ce(Yn, xn))-

Taking (16) into account, we have

(MnZnXin = W &n) + 20 2 (1= ) + dp ().
21)
By Assumption 1, 3n > 0 such that || x7, |
<, for nbeing sufficiently large. Then from (21),
one has
1
Vn

Since limdp(x,) =dr(X) =0, letting n —
n—oo

A6 2 (Wp, &) 6+ A=A + dr(xn)).

o gives
né =1 -2y,
which implies

14

> > 0.
né+y

Finally, by combining Lemma 2.3, Lemma
2.4, and (16) we have

Cr(y, %) < limsupCr((1 = An)yn, X)

n—-oo

< lim (—=(1 = 24,)dr (xn)) = 0.

Since 0 € F(X), the converse inequality is
obvious. Hence, Cr(y", ) = 0. The proof is

complete.

A special case of Theorem 4.1 when Y is

finitely dimensional is remarkable.
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Theorem 4.2 Suppose that the assumptions of Theorem
4.1 are fulfilled and that Y is finitely dimensional. If x
is a local efficient solution of (P), then there exist z* €
C',y* € Yg with (z*,y*) # (0,0) such that

0 € 2 0 COAF(X) — ACx(¥",.) ()
(Cp(y*,f) = 0.

If, in addition, (P) is regular at X, then z* # 0.

Proof. The proof is the same as the one of Theorem

4.1 with some notices as follows.

+ Expression (17)

*

* w * *
Yn = Yo €Yp
in the proof of Theorem 4.1 is replaced by
Yn = Yo € Y N (Sy- U{0})

since y; €Yy N(SyU{0}) and Y~

dimensional.

is finitely

+1If y; =0, then 4 = 1.
+ Then from equalities (18)
z"=Az5 € C,y* = (1= Ay; €Yy
(where z; € Sgm), we deduce (z*,y") # (0,0).

We now present some applications of
Theorem 4.2 to non-Lipschitz vector problems with
constraints (2) or (3). Firstly, consider the following
problem

minf (x)s.t. g(x) € K, (P")

where f:R" > R™ and g:R" - R’ is a locally
Lipschitz vector function and K c R! is a closed

convex cone. Set
F(x):=g(x)—K,vx € R".

We can verified that

Yy =K'
Cry"x) = (¥, g(x)),Vx ER", y" € K/,
where K' is the polar cone of K . Since

9Cs(y*,x) =y*odg(x), F has the Cl-property.
Then, we have the following result immediately

from Theorem 4.1.

DOI: 10.26459 /hueuni-jns.v128i1D.5276

Corollary 4.1 Assume that f is continuous. Suppose
that f admits an approximation As(x) at every x ina
neighborhood of X € X such that Assumptions 1,2 are
fulfilled. If X is a local efficient solution of (P'), then
there exist z* € C',y* €K' with (z%y*) # (0,0)
such that
0 € z"ocoAp(X)—y*odg(x)
(<y*,g(f)) =0.

If, in addition, (P') is regular at &, then z* # 0.
Next, we consider the following problem

gix)<0,i=1,...,n

minf (x)s. t.( hj(x) =0,j=1,...,k, (P

where f:R'> R™ is a non-Lipschitz vector
function, and g;, hj:X - R are locally Lipschitz

functions. Set

K:= R} x {0,}

¢(x): = (g1(0), -+, Gn(x), y (%), -, e ()

F(x):=¢(x) + K,
where R} is the nonnegative orthant cone of R",
0y is the origin of R¥ . Then, ¢,F are locally
Lipschitz. We can see that the inclusion constraint
0€EF(x) is

equality/inequality constraints

equivalent to the system of

gi(x)<0,i=1,..,n
hi(x)=0,j=1,...,k.

We have
Yi = —K' = (-R}) x R
CrO520) = (', (), VY™ € Y

n
0Cr(y", 1) = ¥ 2 09() € ) 5] 9gi(x)
i=1
k

£ sy (D), VY €V x ER,
=1

where y* = (¥{,...,¥nsx) - Since the Clarke
generalized Jacobian 0¢ is closed at any point, it
can be verified that F has the Cl-property. For
every feasible solution x of Problem (P"’) and y* €

Y7, we have

13
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Cey", 1) = 0 (¥, () =0 & > yigi(®) = 0
i=1
Then, the following corollary is immediate

from Theorem 4.2.

Corollary 4.2 Assume that fis continuous. Suppose
that f admits an approximation As(x) at every x ina
neighborhood of X € X such that Assumptions 1,2 are
fulfilled. If X is a local efficient solution of (P"), then
there exist z* € C',Aq,..., A, = 0, Uy..., Uy € R not all

zero such that

i Ohy (%),

k
=1

n
0 € 2" o codp(¥) + Z 2;0g:(%) +
i=1

KZ{ A,9:(%) = 0.

If, in addition, (P") is regular at X, then z* #

J

If f is locally Lipschitz, then the Clarke

generalized Jacobian df(x) is also an

approximation and Assumptions 1,2 are satisfied.

Then, from Corollary 4.2, we have

Corollary 4.3 Assume that f is locally Lipschitz. If X
is a local efficient solution of (P"), then there exist z* €
C' ALy = 0,py..., ly € R not all zero such that

n k
0€zodf(x)+ lei 2g;(x) + Zl,uj oh; (%),
i= =
. ) j
2 Agi(x) =0.
i=1
If, in addition, (P") is regular at x, then z* # 0.
Example 4.1 Let H be a Hilbert space with a countable
base {e;:i = 1,2,..} satisfying
(e = (0,1’ * J.
For a € H, set
¢q(x):=(a,x),Vx € H.

Define functions f = (f},f2):H - R?, g:H -

[ee]
R as follows. Forevery x = 3, t;e;,
i=1

14

It <1

1+t -1, 1<t <2
fi(x):= ¢ ! !

1+51, t,>2

f2(x):=1t
g):=llxI?— 1.

Then, we can verify that

{(;bel}, 0<t; <1
{td)el: t e [0, +00)}, t, =1
(—=0bc,}, 1<t <2
A= | W 1
{E¢f1}' ty > 2
{_d)el}: t; < 0
{tpe:t €[-1L1]}, =0,

A, (x): = {¢e,}

are approximations of f;, f, at x, respectively.

Hence, by Lemma 3.1, we have

Af(x) = Afl(x) X Afz (.X')

{((:bel: ¢el)}: 0<t; <1
{(td)el' ¢el): te [0' +oo)}, tl =1
1
_ {(2—m¢e1,¢e1)}, 1<t; <2
1

{(E ¢t11 d)el)}l ty > 2
{(_d)el: ¢el)}: ) < 0
{(td)el; d)el): te [_1;1]}; t1 =0

which is an approximation of f at x. We see that
Assumptions 1,2 are fulfilled at every x = ), t;e;
i=1

with t; # 1. The function g is locally Lipschitz
and differentiable with the derivative Dg(x) =
2¢,.

Assume that R? is ordered by the cone R3.

We consider the problem

minf (x)s.t.g(x) < 0.(P,)

Noting that F(x):= g(x) + R, has the Cl-
property and (P;) is regular at every x and
solving the system

g(x) =0

3z* € R2\{0},31 > 0:( 0 € z" o coAs(x) + ADg(x)
Ag(x) =0
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we obtain the solution set

S={x= z tie;:t, < 0} N By(0,1)

i=1
which contains all candidates for a local efficient
solution of Problem Pi1. Moreover, by computing,
we see that actually S coincides with the set of all

local efficient solution of Problem Pi.
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