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Abstract. The special functions such as multiple harmonic sums, polyzetas, or multiple polylogarithms are compatible
with the structure of quasi-shuffle algebras. We express non-commutative generating series of these special functions
on the transcendence bases of the algebras and then identify local coordinates to reduce their polynomial relations or

asymptotic expansions indexed by these bases.
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1 Introduction

A harmonic sum for the simple index, s € IN, is de-

fined by the sum Hy(N) := 1+ 5 + ... + 5. We

know that the limit A}im H,(N) is also finite when-
—

oo
ever s > 1 and one calls this limit the zeta number.
For example

N o)
. . 1 1
lim Ha(N) = ngnoo; = zzj — =<2
These definitions are also extended to a set of multi-
index called multiple harmonic sums and polyzetas
(or multiple zeta values), respectively. For each com-

position of positive integers s = (s1,...,8,),81 >
1, r, N € ]N+,
1
H,(N) = > s (1)
nit...ng
N>ni>...>n,.>0
1
C(s) = Z W )
n1>...>n.>0
Example 1.
Ho1(N) = Z L
21 N n?ngy

N>ni>no>1

S B
2 322 321

1

21

1 1 1

(m + m + m) “+ ...

1 1 1

(N?(N—n +N2(N—2) +"'+m>
oo 1

i m;ﬂ;zl e ¢(2,1).

+
+
N

Furthermore, this structure also has an other in-
finity form, called multiple polylogarithms, such a

function of one variable in the open unit ball of the
complex plan, z € C, |z| < 1,
Z"
Li, = —_ 3
is(2) X e ©
niy>...>n,. >0
They all have famous relations in limits by Abel’s the-
orem:

lim H,(N) = lim Li,(z) = ¢(s),

Vsi>1. (4)
N— o0 z—1

Fortunately, the multiple harmonic sums are com-
patible with the algebra of the stuffle product;
whereas, the multiple polylogarithms are compatible
with the algebra of the shuffle product when they are
observed in the forms of iterated Chen integrals. Asa
consequence of these results, the polyzetas are com-
patible with both of the structures.

In this paper, we briefly review a general re-
sult about Hopf algebras (in Section 2), of the quasi-
shuffle product and the concatenation product, con-
structed on a space of formal polynomials freely gen-
erated by some alphabet. They admit transcendence
bases (see [1]) on which the special functions can be
expressed as non-commutative generating series in
respect of Hausdorff group':

N

II eeHsV)m),
leLynY \{y1}

e = ]

leLynY \{y1}
e

I expLis(2)P),
leLynX\X

N\

I ewcEs)p).

leLynX\X

H(N)

exp(¢(X)IL),

L(2)

Ly,

Thanks to relations among the non-commutative

generating series L(z) =23 Z,,,H(N) "=%° Z ., in

Hausdorff group is the group of group-like elements in a Hopf algebra.
LynX, LynY denote the sets of Lyndon words generated by the alphabets X = {zo,z1},z0 < z1,and Y = {yp}r>1,91 > y2 > .. ..
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the equivalent algebraic structures, we establish rela-
tions and reduce representations in the forms of poly-
nomial relations and asymptotic expansions indexed
by the transcendence bases.

2 Quasi-shuffle algebra with the defor-
mation ¢

Let’s denote Y := {y;| k¥ € IN; } an alphabet totally
ordered by y; > y2 > ---. A word is a finite sequence
of letters and Y* denotes the set of all words includ-
ing the empty word, denoted by 1y «. This set is a free
monoid? and 1y~ is a neutral element. We call each
linear combination, over the field Q, of words in Y'*
a (formal) polynomial and Q(Y) denotes the set of
all polynomials. This set equipped with the concate-
nation product follows a free algebra with unit 1y-.
A Lyndon word is a nonempty word that is smaller
than all its nontrivial proper right factors and LynY
denotes the set of all Lyndon words in Y*.

For any ¢ belonging to any field containing the
field of rational number, the ¢—stuffle product, de-
noted by w4, is defined by recurrent formula as fol-
lows: Yyi,, Yk, € Y, Vu,v € Y*

u glys 1y wqu = u,
Yo W qYk, U = Yk (1ttﬂqyk21}) +yk2(yk1utﬂqv)

+ QU ks (W g0).

Example 2.

yo(ly= = gy3y1) + ys(y2 = y1)
+ qys(ly= wgy1)

= Y2Ys¥1 + YsY2y1 + Y3y1Yy2

+  q(y3ys + ysy1)-

Y2 = qY3Y1

This product is exactly the shuffle product (denoted
by w) for ¢ = 0 and the stuffle product (denoted by
w ) for ¢ = 1. This product is commutative and as-
sociative hence, (A(Y), w 4, 1y~) is a commutative,
associative algebra with unit, where A := Q][¢] is the
field extension of Q containing ¢. Here, we still use
the notation w, as a morphism

we s AAY)QAY) —  AY) (5)
URUV > UG,
We denote A 1., and A oy as the dual laws of

the g—stuffle product and the concatenation product,
respectively; this means that for all w in Y'¥,

Ay (w) = Z (A, (w) [uRV)u® v
u,veEY *
= Z (w|uw g)u v, (6)
u,vEY *
Aconc('w) == Z <Aconc(w) | U U>’LL ® v
u,veEY *

2The binary operation here is the concatenation product.

= Z (w | uwv)u @ v. (7)

u,veEY *

We proved (in paper [1]) that the coproduct A,
is compatible with the concatenation product. This
means that A ., (uv) = A (u)Aw (v), whereas
Acone is compatible with the g-stuffle product, that
means Acone(u & qv) = A, (u) @ (A, (v). An
important point to note here is the weight of the word
W =Ys, ...Ys, tobe (and denoted by) (w) = s1+...+
5. Due to these definitions we can see that A .., (w)
is the polynomial of words in weight (w) and u w v
is the polynomial of words in weight (u) + (v). Con-
sequently, they all form the two algebraic structures
in duality as follows:

Proposition 1 ([1]). (A(Y'),conc, ly~, A, ,€,55°)
and (A(Y), w4 ly~, Acone, €, S ™) are the graded
Hopf algebras in duality.

On the other hand, we proved that the algebraic
morphism defined on letters by

_ (—a)'!
mye) =yt Y S Yeovs 8)

i>2 s1+...+si=k

to be an isomorphism between the two algebraic
algebras H,, = (A{Y),conc,ly-,Ay,e,Sy) and
He, = (AY),conc, 1y, A, ,€,8,). Therefore,
each letter is a primitive® element in 7,,, and follows
its image 71 (yx) to be primitive in H . This result
helps us to construct a linear basis for the space of the
Lie algebra generated by primitive elements. We de-
note here by {II;};c2yny the Poincaré-Birkhoff Witt
basis (PBW-basis for short), and it is computed ac-
cording to the recurrent formula [1]:

Im,, = m(ys) forys €Y,
1I; = [H.ll s HZZ]. forl e ﬁan \ Y, (9)
M, = I 00 forw=1I}.. .1

where (I1,1) is the standard factorization of I, w =

o Uk > o>y by g € LynY,
Example 3.
M, = y, I, =y — 47,
Wyys = Y201 — v1y2, (
Wysyrye = Y3Y1Y2 — Y2Usy1 + yY2y1ys — %ysyf

- qyayiy: ~ yiysye + Ly ysy?
+  fyiys — Luieyl + Lysui

2
+  Lylysyr — Lyfys + Lytye + Lyout.

On the other hand, we also established a for-
mula for the dual basis*, denoted by {3, }wey+, by

3 A polynomial P is primitive for the coproduct Ay, if Ay (P) = P® 1y« + 1y« ® P.
4This pair of bases is dual in meaning that (X, | II,) = 6y, for any u,v € Y*.
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the recurrent formula [1]:

Eyk = ykl )

> = Zymzh---ln

()1
1—1
q
+> i > Yot St (10)

i>2 T (%)a

Lt giq

L g
. 7211 mq...qulk”
o i)
Example 4.
Ey1 = Y1, Eyy = Y2, Eyg =Ys,
Sysprye = Y3U1Y2 + Ysyay1

2
+ qlys + %ywz + %y5y1) + Lys-

This basis reduces a transcendence basis, {%; }iccyny,

of the algebra (A(Y), w 4, 1y«). This permits us to

express the diagonal series Dy := Z w ® w, an el-
weY*

ement in the algebra A((Y)) ® A((Y)) of the ¢g-stuffle

product on the left of the tensor and the concatena-

tion product on the right.

Proposition 2 ([1]).

Dy = Y Z,®I,
wEY *
tf_lqil tﬂqzk
-y Tl e Wen T g
11!...Zk! h Lk

Il
N

= H exp(X; ® II;),
leLynY

where the last product takes Lyndon words in decreasing
order.

3 Representation of special functions on
transcendence bases

3.1 Representation of multiple polylogarithms

We now consider the above algebra in the case of the
alphabet X = {z, 1}, totally ordered by =y < z1,
with the shuffle product (it means ¢ = 0). At that
time, the couple of bases in duality [2] is denoted by
{Py }wex~, the PBW-basis, and {S,, } wex+, Schiitzen-
berger basis. It follows from (11) that®

Dx = Z wRw = Z Sw ® Py
weX* weX*
e
= JI expsien). (12)
leLynX

We have seen at (3) that a multiple polylog-
arithms is determined for each multi-index s =
(s1,...,5). Inthis section, we use encoding that each

composition of positive integers s = (sq,. .., s,) asso-
ciates with the word w = 358171@ .. .:vS"flxl. Thus,
the multiple polylogarithms can be rewritten as:

ni

z
Liy(2) = _ 1. (13
W= ) e H<L (9
ny>...>n.>1
Using two differential forms wp(z) = <% and

w1 (2) := 72 with the conventions that Li;; = 1 and

Lig, (2) = [ wo(t) = log(z), one can express the mul-
tiple polylogarithms, thank to Frederich criterion, in
the form of iterated integral [3, 4],

Liy, (2) = Z%:/ wi(t) = —log(1 — 2),
n=1 0

Liy,w(z) = /wiLiw, forie {0,1}. (14)
0

Following this representation, one proved that the
multiple polylogarithms are compatible with the
shuffle product, namely [2, 5]:

Vu,v € X*, Li,(z)Li,(2) = Liyuw(2). (15)

This permits us to extend Li as a morphism:

Theorem 1 ([3]). Let C := C [z 11 }

21— |- The map-
ping w — Li,, is the isomorphism of (C(X),w, 1x~)
to (C[{Liyw }wex+]," la), where Q := C\ ((—o0,0) U

[1, +00)).

The non-commutative generating series of mul-

(11) tiple polylogarithms is defined as an image of

the morphism6 on the double series Dx though
Lie ®idx:

L(z) = Li,®idx-(Dx)= Y Liy(z)w

weX*

e
eflog(lfz)ml H

le (LynX)\X

eLiSl ()P, elog(z):ng )

On the other hand, for any Lyndon word [ €
(LynX \X, one has S; € zoX*x;. Therefore, we can
consider the non-commutative generating series, de-
noted by L,.4, as well as its evaluation at z = 1 [3],
we have

N\

Lyeg(z) = H elis ()P
le(LynX)\X
¢
ey - || R (16)
le(LynX)\X

Moreover, one studies about the monodromy
of the multiple polylogarithms on close curves by
Chen'’s series and the differential equation Drinfield
[3, 6] to state the following proposition:

5Note that, zo, z1 are respectively the smallest and the largest Lyndon words in X* and Py, = Sz, = %0, Pr; = Sz, = 1.
This morphism isn’t continue on the tensor product (Q(X), W, 1x=) ® (Q(X),conc, Lx~) but in the subalgebra I soq(x) =

spanq{u @ | |u| = |v[}.
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Proposition 3 ([3]).  ¢) For all curve zy ~ z in Q,
one has L(z) = S,y~s2L(20).

ii) In the special case of curve 1 — t, one has’

L(l’g,xl | 1-— t) = L(—(El, —X0 | t)ZLU. (17)

We now use an automorphism of Q(X) of
the concatenation product, denoted by o, verified
o(xg) = —x1,0(x1) = —x0. Note that, for all words
w € X*, P, and S,, are homogeneous polynomial of
weight® |w|, the length of w. Furthermore, Q(X) is a
graded space admitting two graded bases { P, }wex-
and {Sy }wex+. We can see more precise by the fol-
lowing diagram illustrating a matrix representation
of o in a subspace of weight n, denoted by X,, :=
span{ul™, .. ul™}, where {u{™, ... u{"} is the set
of all words of weight (the length in thls case) n, £(™)
denotes the matrix representation of o with respect
to this basis: forall 1 < 4,5 <27,

B = (0(P o) | Pyon) = (0(S,00) | S,00), (18)

(X’ru {Puﬁ"") }1§z‘§2" ) #

duality duality

\
(Xn, {Sugn) }1Si§2n) é

t pp(n)

Proposition 4. Let L(z) be the non-commutative gener-
ating series of multiple polylogarithms, we have

= Y Lis,(2)0(Pu) = Y Liys,)(z
weX* weX*

Proof.

> Lis,(2)0(Py) =

weX*

> Lis,, (2)0(Pu,)

n>0i=1
ZE“’P

on
- Yyl
= ZZZE(n)Ll » zPuj

n>0i=1

n>0j5=1j5=1
on
- Z Z Li 2 B S,, (2) P,
n>0j=1
on
= Z ZLiU(Suj)(Z)PuJ
n>0 j=1
= Y Ligs,)(2)P,
weX*
O
For this reason, we can rewrite relation (17) as fol-
lows:
D Lis, (2)Pw = Y Liss,)(1—2)PuZu (20)
weX* weX*

"Here, we understand L(z) as L(zo, 1|2).
8)w| denotes the length of the word w.

82

(Xn, AP, }1<i<on)

v
(Xn, {Su§"> H<i<on).

2)P,. (19)

From this formula, by identifying local coordinates,
we get relations among the multiple polylogarithms
indexed by basis {S;}iccynx. The following example
are computed by our program running under Maple.

Example 5.
Lis,, (%) log(z), Lis,, (2) = —log(1l — =),
Lis, ., (2) —log(z)log(1l — 2)
Liszoml (]. — Z) + C(Sﬂ;ol‘l)7
Lis, ,(z) = 5 log(l—2)log(:)

+ log(1l — z)Lig
(1-2)
+ C(Sx%xl) + log(z)C(Swofrl)

1—2)

rom (
— Llsm%m

3.2  Representation of multiple harmonic sums

We have seen at (1) that a multiple harmonic sum is
determined for each multi-index s = (s1,...,8,) €
IN . Similar to the idea of the previous subsec-
tion, these compositions of positive integers, s =
(s1,...,87) € Y*, are encoded by the words w =
Ysy - - - Ys,.. Thus, the multiple harmonic sums can be
rewritten as

H,(N) :=

1
—_- 21
Z nit.ong @1)

N>ni>..>n.>1

Note that, for each composition s = (s1, S2,- .., S;),
we have the reducing expression
N
Hy.,op(m = 1)
H,, (N) = R 22
w(N) =2 o . @

by the reason

Hy (N) = > ﬁ

N>ni>..>n.>1 L

: 2 1
nyt ny? ... ny"

I
1]

This allows us to prove, by induction, that multiple
harmonic sums are compatible with the stuffle prod-
uct [7]. It means that for all words wy,ws € Y*, we
have

Hu, (N)Hu, (N) =
Proposition 5. The mapping w — H,, is the isomor-
phism between (Q(Y'), w, 1y+) and the algebra of multi-

ple harmonic sums with the standard product, denoted by
(Hr, -, 1).

le ] wo (N) . (23)
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Because the set of the Lyndon words freely gen-
erates the algebra of the quasi-shuffle product [8], it
follows the isomorphism Hr ~ Q[H;,l € LynY].
Moreover, by using the expression of diagonal series
Dy (see (11)), we can factorize the non-commutative
generating series of multiple harmonic sums H :=

Z H,w as follows

weY*

Proposition 6.

N
H = [] ep®sn) (24)
leLynY
N
= expHy,y [  expHHsIL). (25
leLynY\{y1}

The original generating series of multiple har-
monic sums forms a multiple polylogarithms de-
formed the factor —1-, namely for all multiindices

1—z’
5= (517825 c '787”)/
n _ LiS(Z)
> Hi(n)2" = 7 (26)
n>0
Indeed,
Lis(2) z™

n
= D" Y
1—2 nit..ony

n>0 ni>..>n,>1

D D DI———
nit...ny"

n>r  a>ni>.>ne>100 L T

— Y Hm)

n>0

Here we accept that H,(n) = 0 for any n < r. In other
words, Hy(N) is the coefficient of zV in the Taylor
development of Lif(z) in the system {z"V|N € IN}. By
the way, according to the representations of multiple
polylogarithms (in the above subsection) we obtain
relations or asymptotic expansions of multiple har-
monic sums.

3.21 Generating series of multiple harmonic
sums on the alphabet X

For any word w € X*, we denote G\ (2) := Ll%(z)

G¥(2) := Y, ex- G (2). By the way, using formula
(20), we have the following expressions:

and

G¥(1-2) = 1 Z0lG¥ ()2

x 11—z o
> GX(z) = .

weX* leLynX

Example 6. According to equality (27), we reduce the
following relations by identifying local coordinates’:

2= log(1l — z)

Gy, (-2 = "0

)

II expLis,(2)0(P)) Zu

GE (1-2) = 082

’

z
¥, 0-9=""1G5 ()
1
+; log zlog 1= + C(Sugay)s
z—1
G, (2= (*Giigm (2)

log2 zlog(l —z)  ((Siz4,)
+
1—2 1—2
(-G¥, ()
+log ngfmml (2) — log2 zGifml (2)
Sm2w1
i),

1—=z

+log ngfmm (z) + ),

1—2z

GY ()=

We use the notation [¢V]GX(z) for the coeffi-
cient of 2V in the Taylor development of GX (2) in the
scale of comparison {(1 — z)ilogj(l —z),i,7 € N}
From the representation of G (z), we can reduce
asymptotic expansions of multiple harmonic sums in
the scale of comparison {2 log’(n), i, € IN}.

Example 7.
HSQ:UEQ = [ZN]Gg( 2
B logN+1+v 1llogN
- C(quzf) - N 5 N2
1
+ O(ﬁ)

3.22  Generating series of multiple harmonic
sums on the alphabet Y’

We now wuse the linear projection wy

Q(X) — Q(Y) which associates every word
mgl_lxl . x‘ST_lxl with the word ys, .. .ys,. and ad-
mits the convention 7y (wxo) = 0 for any w € X*.
Then, for any word w = ys, ...ys, € Y*, we set

GY(z) := Lisgrnsp) (2) and

w 1—2

GY (2) == m1yGX(2) = 7y Z GX(2)w= Z GY (2)w.

weX* weY*

From this and formula (20), we have

G"(2) —~; exp((y1+1)log )Ty Zui{(27)

1—=z2

Moreover, by expanding exp((y; + 1) log =) in the
form of the original generating series of y;, we get

exp((y1 + 1) log )

= Gr(=)y

k>0

:Z ZHM(N)ZN v

k>0 \N>0

1
1—2z

9The examples in this paper are computed with Maple by using our package.
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5 (z H <N>y'f) o

N>0 \k>0
k
-y
:Zexp —ZH%(N)( k'l) 2N,
N>0 k>1 ’
Consequently,
N
H = exp(Hy,y) [] exp(HsIL)
leﬁan\{yl}
= MG (2)

yl)

Z H'yk (N

k>1

N exp ( ) v Zuw-

Example 8. According to expression (28), we reduce
the following relations by identifying local coordi-
nates:

Hg, (N)
11

+ 150 VA +O(N7?)

Hy, (N)=-N"'+1/2N?-1/6N"?

=In(N)+y+1/2N"*—-1/12N?

) + ()

1/2 In(N

Proposition 7 ([9]
the two spaces C((

Ztﬂ:

B/(yl)ﬂ'Y(Zl_u

). We have a bridge equation between

X)) and C{Y)):

) (29)

_1\k—1
where B'(y1) = exp <Zk22 M?ﬂf)

C{x),

,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,

Let Z,, be the Q-vector space generated by
polyzetas of weight n. Using this formula, we can
rewrite the two sides on the same transcendence ba-
sis and then reduce the relations among polyzetas by
identifying the local coordinates. On the one hand,
by expressing the right hand side of (29) on the basis

) +1/29

Hy , (N) = 1/2(In(N) +7)* +

—1/12In(N) —1/12~v+1/8 _3
- e ~1/24N
1 1 1 5

1 —9

Hy, (N)=-1/2N"24+1/2N7% - 1/4%
+((Z35) + O(N )

92y1 (N) - 1/2<(23) +
+—1/2 —1/29y-1/2In(N)

N

1+ 1In(N) +~
N

N2
+(l +1/6 In(N) +1/6y)N 2 — 5 1
18 24 N4
+O(N75).

3.3  Representations of polyzetas

As we see the definition of polyzetas at (2), these
convergent series are also compatible with the stuffle
product like multiple harmonic sums. Using the ex-
pression in Proposition 6, we set

N

zo= ]

lELan\{yl}

exp(¢(X)1L). (28)

On the other hand, we conclude from (16) that
polyzetas are also obtained by letting = — 1 in mul-
tiple polylogarithms. Due to the isomorphism in the
algebraic structures, we establish a bridge equation
between the generating series Z«, and Z,,, as fol-
lows.

84

{Z:1}hieLyny, we can identify coefficients on this basis

[9, 10]:

Example 9. Relations of polyzetas in terms of irre-
ducible elements indexed by the basis {3; }iccyny:

Weight 3: C(E?JZ?JI) = %C(Zys)
ngeight 4 ((By) = 2H(ER) ((By)
EC(Ey2)2> C(Zyzyf) = %C(Ey2)2
Weight 5:
C(Eysyz) = 3C(Zys)C(Eyz) - 5C(Ey5)7
5
C(Eyzlyl) = _C(Zys)C(EW) + 5((2%)7
3 25
C(Eygyl) = EC(EyS)C(Eyz) - EC(Eys)v
5
C(Eygyf) = EC(E%)»
1 5
Weight 6:
8
C(Eys) = %C(Eyz)gy
4
C(Ey4y2) = C(Eys)z - ﬁC(Em)Bv
2 1
C(Zyslh) = ?C(Zuz)g - §C(ZU5)27
17 .9 ,
C(Zysylyz) = 7%C(Ey2) + ZC(ZZJS) )
9
C(Zuwzvl) = 3€(E’U3)2 - TOC(Eyz)Sv
3 3
C(Ey4yf) = TOC(EZM)?) - EC(Eys)za
11 . 1
C(Zygyf) = @C(Eyz)d - ZC(Ey3)2:
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1
C(Eygyf) = ﬁC(Eyz)gv
17 3
C(Zyzy‘l‘) %C(Eyz)g + EC(Z%)Q'
Weight 7:
35
C(Eyws) = ?C(ZZH) - 1OC(Ey2)C(Zy5),
21
C(Eysyz) = 5<(Ey2)C(Ey5) - ?C(Zw)

bR (5,

5
() = G000 — 20502 (5y,)
T,
(g = 50 (T) — 55 C(50),
(Bn) = €50,
o) = 750 (E00) + 15C(0n),
Weight 8
(B = (T
(o) = 5 (Tt~ T200(2,,0),
) =~ aa )+ 20(5)C (%)
288( (S0,
) = 5 C() = C)C(S0),
(B = 3050 — (D)

On the other hand, we use the inverse of my, de-
noted by 7mx, to express equality (29) on the basis
{Si}iecynx. It means that 7x is a morphism defined
on the word by mx (ys, - - - Ys,.) = zglflxl .. mf‘)'**la:l,
and applying to the two sides of (29) we have

mx(Zw) = B'(z1)Zy. (30)

Hence, we can represent the left hand side of this
bridge equation on the basis {S;}iccynx and then
identifying local coordinates to reduce polynomial
relations among polyzetas [9, 10].

Example 10. Relations of polyzetas in terms of irre-
ducible elements indexed by the basis {S; }iccynx:

Weight 3: C(Szoaz) = ((Sa2a,)
Weight 4:
2 2
C(SJL%‘“) EC(Sloil) )
1
() = o C(Sege)?

DOI: 10.26459 /hueuni-jns.v129i1B.5636

(Spet) = 2C(Sepmn)
Weight 5:
C(Szgz%) _C(Szgzl)é-(sxoan) =+ 24(513331)7
3
C(ngxlmgazl) _QC(Sa’érl) + C(S:c(zjml)C(Sxom1 )7
C(Szgz‘f) 7((‘5‘1311)((53‘0”01) =+ QC(Szgzl)a
1
C(STOT,’lTUT%) §<(ST611)7 C(Szor‘ll) = C(STOTl)
Weight 6:
8 3
C(Szgzl) gC(SToﬁl) ;
6 3 1 2
C(Széz2) gC(STOzl) - §<(Szgzl) s
4
C(Szgzlzozl) ﬁg(sznml)gv
23 3 Y
C(Szng) %C(SIO$1) - C(Szérl) )
2
C(Szgzlzozf) ﬁg(sznll)gv
89 3
C(ngzlzozl) 72710C(510931)3 =+ §C(513x1)2>
6 3 1 2
C(Szgz‘f) %C(SIO-'EI) - §<(Sx3x1) )
8 3 2
C(Sxozlzoz?) ﬁ((sfoml) - C(ngzl) )
8 3
Weight 7
C(Szng) 7<(Szézl)C(San1)
2
gc(swoﬂn)zg(szgzl) + 3<(51811)7
C(Sx‘olrlzoasl) 75C(518z1) + 3C(Sz‘ézl)<(szoz1)a
23
C(Szézf) _@C(Sxowl)QC(Szgzl)
2C(S:cgw1 )C(Szoz1) + 5((‘91811 )7
C(Sacgrlxgml) QC(Smgxl) - C(Sacgwl)C(Sl’ox1)v
1
C(S:chlxoch) _?OC(SIoIl)2C(Sx?)x1)
1 19
§C(Sx§x1)<-(szoz1) + EC(S£311 )7
Weight 8
24 A
C(S‘ngl) 17754-(59:921) )
(Suget) = 52 C(Sm) = C(uga )(Suzr):
6638 A
C(SL(S)‘Ll‘LoLl) _MC(SIOII)
149753
1795 ¢ Satar )6 (Saza, )
29026 2
WC(SLSJ“) C(Sl‘()flll)
2
gC(ng;ﬁxux‘f%
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11
_ZC(Sméxl )C(Swgml)

1

+ §<<Sx(2)x1 )2C(Sx()ft1>

C(ngm?)
o
175

The above examples, one again, show us that
each polyzetas only has a linear representation of
plyzetas of the same weight. Hence, we can list the
elements of linear bases of Z corresponding to the
bases {¥;}iccyny and {Si}iecynx that confirm the
Zagier’s dimension conjecture! (see [4]). Moreover,
we can reduce algebraic bases (the normal product)
from these representations. We show here two lists of
irreducible elements up to weight 12 (see more [11]):

1. For the basis {¥i}iccyny:  ((Ey,), C(Ey,),
C(Eys)/ <(2y7)7<(2y3yi’)7<(2y9)/ C(Eygyz)/
C(Zyn)vC(Eyzyi’)vC(Eygyis)vC(Ey;sy?)'

2. For the basis {Si}iecynx: ((Swowr)s C(Sa2a, )
C(Swgzl)7C(Sz8z1)’ C(SZOI%I(]Z%)7C(S"ESI1)/
C(Swowfxgx?)/ C(Sm(l)oxl)/ C(Sxowfngfxox%)/
g(Szozlzgz‘i’ )r C(SZgIlngEZ)'

4 Conclusion

We represented special functions (multiple harmonic
sums, polyzetas, and multiple polylogarithms) in
forms of non-commutative generating series indexed
by transcendence bases of quasi-shulffle algebras. By
identifying the local coordinates of the Hausdorff
groups, in shuffle and stuffle Hopf algebras, we can
reduce polynomial relations or asymptotic expan-
sions of these special functions indexed by the bases.
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