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Abstract. In this paper, the problem of finite-region stability is studied for a class of two-dimensional
(2-D) singular systems described by Roesser model with directional delays. Based on the regularity, the
underlying singular 2-D systems are first decomposed into fast- and slow-subsystems corresponding
to dynamics and algebraic parts. Then, by virtue of Lyapunov-like 2-D functional method, we

construct a weighted 2-D functional candidate and utilize zero-type free matrix equations to derive
delay-dependent stability conditions in terms of linear matrix inequalities (LMIs). More specifically,
the derived conditions ensure that all state trajectories of the system do not exceed a prescribed
threshold over a pre-specified finite-region of times for any initial state sequences with energy-norms

of dynamic parts do not exceed given bounds.
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1 Introduction

Singular systems are widely used to describe
dynamics of various practical phenomena such as
electrical circuit networks, power systems,
multibody mechanics, aerospace engineering and
chemical and physical processes [1, 2, 3, 4]. In
such a system, the state variables are subject to
both dynamical equations and algebraic
constraints which result a number of different
features from classical systems such as impulsive
behaviors in the state response, non-properness of
transfer matrix or non-causality between
input/output and states. These characteristic
properties make the study of singular systems
much more complicated and challenging than
classical systems. On the other hand, as an
inherent characteristic, time-delay is ubiquitously
encountered in engineering systems which has
various effects on the system performance [5, 6].
Thus, the study of qualitative behavior of time-

delay systems plays an important role in applied
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models which has received significant research
attention in the last two decades (see, e.g., [7, 8, 9]
and the

considerable effort from researchers has been

references therein). In particular,
devoted to the problems of stability analysis and
control of singular systems with delays and many
results have been reported in the literature. To
mention a few, we refer the reader to [10, 11, 12]
for the problem of stability analysis and [13, 14]
for some other control issues related to singular

delayed systems.

Two-dimensional (2-D) systems can be
used to describe dynamics of many practical
models where the information propagation occurs
in each of the two independent directions [15, 16].
Recently, due to their widespread applications in
circuit analysis, image processing, seismographic
data transmission or multi-dimensional digital
filtering, the theory of 2-D systems has attracted
considerable research attention [17, 18, 19, 20].

There have been a few papers concerning the
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problems of stability and stabilization of 2-D
descriptor systems. For example, in [21], the
problems of stability and stabilization via state
feedback controllers were investigated for a class
of delay-free 2-D singular Roesser systems. By
decomposing the system into slow- and fast-
subsystems, and based on the Lyapunov function
method, sufficient conditions in terms of linear
matrix inequalities (LMIs) were derived to design
a stabilizing state feedback controller. The
problem of H_ control was also considered in
[22, 23] for 2-D singular Roesser models with
constant delays. By using the bounded real lemma
LMI-based

conditions were derived for the design of state

approach, delay-independent
feedback controllers that make the closed-loop
system to be acceptable and stable with a
prescribed H_ performance level. The problem
of stability analysis was first extended for 2-D
singular systems with generalized time-varying
delays in [24]. Based on a 2-D Lyapunov-
Krasovskii functional (LKF) scheme, and by
employing a Jensen-type discrete inequality to

manipulate the difference of a LKF candidate,

delay-dependent  stability  conditions were
derived subject to interval delays.
The concept of Lyapunov stability,

recognized as infinite time behavior, has been
well investigated and developed in the decades.
However, in many practical applications, it is only
required that the system states do not exceed a
certain bound during a specified time interval for
given bound on initial states. This gives rise to the
use of finite-time stability (FTS) [25]. It is noted
that, a system may be finite-time stable but not
Lyapunov asymptotic stable and vice versa [25].
In 2-D systems, the information propagation
occurs in each of the two independent directions.
Thus, the concept of finite-region stability (FRS)
can be regarded as a natural extension of FTS. The
problem of stability analysis under FRS concept

for 2-D systems has received considerably less
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attention and only a few results for 2-D systems
have been reported [26, 27, 28]. However, the
analysis and control involving FRS for 2-D
singular systems has not been investigated in the

literature. This motivates the present study.

In this paper, we consider the problem of
finite-region stability of 2-D singular systems
described by the Roesser model with directional
state delays. First, based on the regularity, we
decompose the underlying singular 2-D systems
into fast- and slow-subsystems corresponding to
dynamics and algebraic parts. Then, by utilizing
zero-type free matrix equations techniques, delay-
dependent conditions are derived in terms of
linear matrix inequalities (LMIs) ensuring that
state trajectories of the system do not exceed a
prescribed threshold over a pre-specified finite-

region of times.

Notation. R™™ denotes the set of nxm
matrices and diag(4,B) is the diagonal matrix
formulated by stacking A and B . For a matrix
AeR™, we let 12_(4) and 1_(A) denote the
maximal and minimal real part of eigenvalues of
A . A matrix M eR™ is semi-positive definite,
M >0, if x"Mx >0 for all x eR"; M is positive
definite, M >0 , if x™Mx>0 for all x=0 .
S =M eR™:M =M" >0 and

S, ®S; ={diag(P",P*):P" S ,P" €S’}

2 Preliminaries

Consider the following 2-D singular system
described by the Roesser model with delays
E[x"(i+1,j)}=A[xh(i,j)}+A {xh(i —dh,j)} 1

L ,

x"@@,j+1) x"(i,]) x"(@,j-d))

where x"G,j)eR™ and x°G,j)eR™ are the

horizontal and vertical state vectors, respectively.

Al AW hh hv
=, © | and A =|"¢ "¢ | are known
A" A AV A

real matrices. E =diag{E,,E,}, where E, eR™™
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n xn

and E, eR™™ , is a singular matrix with

rank(E)=r <n , rank(Eh) =r,<n, and

rank(E )=r, <n . d, and d, are positive scalars

h
representing directional delays in the horizontal
and vertical directions. Initial conditions of (1) are
specified as

x"(k,j) =dk,j)k e Z[-d,,00,j >0,
x'G,0) =y, 1 eZ[-d ,0],i >0.

()

For convenience, we denote

C o2, C | x"G=d,, )
x(””'L”(i,ﬂ}’xd(””'L"(i,j ~d)

as augmented state vectors of system (1). In
addition, for given positive integers D, e N~ and
D, eN~, we define the following rectangle finite-

region
D, xD,={i,j)eN;10<i<D,0<j<D,}.

For a given symmetric semi-positive
definite matrix W , we denote the weighted

normsof ¢ and y as
141} =sup{g(k,j W gk, j): ~d, <k <0,j >0},
Iy I} = sup{wG,IW w(,0):i >0,-d, <1 <0}.

Let us first introduce the following

definitions.

Definition 1 System (1) is said to be (i) reqular
if the characteristic polynomial det(EI(z,s)—A) is not

identically zero, where I(z,s)=diag@I ,sI ); and (ii)
h v
causal if deg(det(sE —A)) = rank(®).

Definition 2 Given positive scalars ¢, c,, ¢

v

and a matrix TeS’ ®S’ . System (1) is said to be
h v

singularly finite-region stable (SFRS) with respect to

(c,c,,c,,D,xD,T) if for any initial sequences ¢, w
. E'T E 9 r
that satisfy —maxi| ¢l * " |E, gl <c, and

E'TE

max{” vl I E, Pl va}«ev , it holds that
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x"(,/)E TEx(i,j) <c 3)
forall G,j)eD,xD,.

The main objective of this paper is to derive
tractable LMI-based conditions by which 2-D
singular systems in the form of (1) is regular,
causal and SFRS.

3 Main results

In this section, we develop a 2-D Lyapunov-like
functional method to derive SFRS for 2-D singular
systems with delays in the form of (1). According
to the singularity of system (1), we first
decompose (1) into slow- and fast-subsystems. For
this, let rank(E,)=r, <n, and rank(E )=r <n_ .
Then, there always exist nonsingular matrices
M", M*, N* and N* such that

M'E'N" = diagll, ,0), M'E'N" = diagll, ,0l.  (4)

By utilizing (4), we obtain the following

decomposition
hh hh hv hv
MhAthh — All AlZ MhAthv = All A12
Alh hh |’ Al AW ’
21 22 21 22
Avv Avv vh Avh
MA“N® { PR e e
A21 A22 A21 Azz
hh hh hv hv
MhA;hNh - Adll Ad12 ,MhA}wNu — Adll Ad12
Al AR d Al A
d 21 d 22 d21 d22
v v vh vh
MYA*N® = Adll Ad12 MYA"N" Adll Ad12
d - w o pw ’ d - At Avh
d 21 d 22 d21 d22

The following lemma will be used to derive

stability conditions in the section.

Lemma 1 System (1) is regular and causal if

hh hv
the matrix A, =|" % "2 | is nonsingular.
4 An

Our main result is represented in the

following theorem.
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Theorem 1 Assume that system (1) is regular

and causal. Then, for given positive scalars ¢, ¢,, c,

and a matrix TeS' @S’ , system (1) is SFRS with
h v

respect to (c,c,,c,,D,xD,,I) if there exist positive

scalars a, , a , B, , B , m,, u , re0D,

symmetric positive-definite matrices P, @, R, S in
S ®S' and matrices Y™, Y*, Zz*, Z", H",
h v

H"™ of appropriate dimensions that satisfy the

following conditions

4 4
®=(, )k,l:1 <0, w=(¥, )kvl:1 <0 5)
c,<rc, ¢, <(1-yk (6)
—h
. A @Q)s, -
AP 4———t 4 B (1- D AR )
IE, I
—h
— A(P
1D § <L) 7)
cha
Y /V(éu )s,, —h
ATP )+ “+pByD,A(R )
IE, I ’
+yu},D2,1+(§h) A-ped® ) (8)

cua
where, for M eS;, we denote 2'M)=2 M),
A M)=2, M), ;zmax{l ar aDz} and other

>h 0

notations are defined as follows

— 1 1 11 11
P=T2Pr2Q=r2QU 2,R =T Rl 2,
1 1

S =r2Srzx"=@E),X" =&,

qJn - (Ahh)TPhAhh +Qh _Yhh(Xh)TAhh
—(AMYT X Ry hhyT 7ah(Eh)TPhEh’

\Pm = (AM)TprAl _y k(X YT AR _(Ahh)Txh(th)T,
lP13 = (A" )TPhAdhh _Yhh(Xh)TAdhh,

\PM - (Ahh)TPhA;U _Yhh(Xh)TA;u _(Ahh )TXh(th )T,

86

=l
1]

(Ahv )TPhAhU _ hch (EU )TRUEU
c
_th(Xh)TAhv _(Ahv)Txh(Huh)T,

W= (A )TPhA;h _Huh(Xh)TA:h’

¥ = (AW )TPhAdhv 7th(Xh)TA:v Z(AMYT XM (ZYT,
d L
w =(Adhh)TPhAdhh 7ath;’

¥ = (A;h)TPhA;v _ (Adhh)TXh(ZUh ),

v = (A(;LU)TPhA:U 7M(EU)TSUEU
c
*ZUh(Xh)TAd}w 7(Adhv )TX}L(th)T’

D = (A")TPUAY By, (E)L)TRhE}L
c

_H™ x )TAU}L _ (Avh Y X (Hhv )-r,
@, = (A") P'A" —(A") X ¥") —H" (X")A",
@13 — (Avh)TPvA;l/h _HM™ x )TA;h _ (Avh)TXv VA )T,
@, =A")PAY ~H"X")'AY,
@22 = (Avv )TPvAvv +Qv 7yvv (Xv)TAvv

_(Avv )TXU (YW )T _ av (Ev )TPUEU ,
(I)23 = (A% )TPUA;}L _Yy (X )TA;;h —(A™ )TXU (Zhu )T,

@24 - (Avv )TPUA;U 7yvv (Xv )TA:) ,
v vpon _ HC,
., = (Adh)TP Adh e (Eh)TshEh
_Zhu (X'L )TA(gh _ (A;IL)TXU (Zhv )T,

®,, = (A;h)TPuA;/u _ZM (X" )TA;.; i

@, = (A7) PAY o Q"

Proof. By virtue of the 2-D Lyapunov-
Krasovskii functional method, we construct the
following functional candidate
V'"x"G,j)= x""(,j)EP"E,x"G,j)

i-1
+ z a}il—l—kxh'r(k’jnhxh(k,j), )

k=i*dh

Vix'G,j)= «""G,))EPE x"@,J)

+ S e TG0, (10)

1=jd,
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We first

V*«"(@,j) along state trajectories of system (1).

compute the difference of

According to (9) and (1), we have
Ah(i,j)éVh(xh(i +1,j))fath(xh(i,j))

A i, HETRVE x40, )
C

B w7, j ~d ES'E " (i, -d,)
C

=x"T@ +1,j)EhTP"Ehxh(i +1,7)

i Z a,i’kx“(k,jﬁhxh(k,j)

k =i+lfdh

~a,x""(i, ) )E,P"E,x" (i, })

i-1
_ Z a}il—kxh‘r(k,jghxh(k’j)
k=i-d

h

P e, HETRVE x4 )
C

B T, ~d ES E, x" i, j ~d,).
c

Therefore,

(A2 )+ Az, ) P

(A, )+ A,x, G, 1) +x" TG, R "))
—ahx "G ~d,, R "G ~d,, ])

~a,x" "G,/ )E]P"E,x"(i,])

P o ETRVE G L)
C

A, J) =

AT, —d E]SYE "G, j ~d,),
c
(11)

where A =[A" A™] and A4, =[A"" AX].

On the other hand, since X" is the null
space of the matrix E,, we have E,;X" =0. Thus,
for any matrices Y” , H" and 2z" of
appropriate dimensions, the following zero-type
equation holds
2" TG Y TG DH™ 42076  —d)Z ]

xX"E,x"G +1,j) = 0. (12)

It follows from (1) and (12) that

DOI: 10.26459/hueunijns.v130i1D.6283

20", Y TG DHT v x ) —d )2

13
X' (AxG,))+ A, i, )))=0. (13)
Combining (11) and (13), we obtain
A, G, J)=ETG,DYEC, )) (14)

where £G,j)=[x"G,j) «,;G, /I .

and hence A, (,j)<0, which, together with (14),

By (5), w<o,

yields
VA L) < eV @G, )
P i ERE " )
c

B TG, j —d VETS E %" (i) ~d,). (15)

By induction, from (15) we readily obtain
V", 1)) < oV "(x"(0,/))
+§a;’l’k (P e JJE'R'E x"(k,j)
c

k=0

5 T, ~d ES R x* (k,j —d)]. (16)
C

In addition to this, from (9), we have
Vix"G,j) > x"T(i,j)EhTPhEhxh(i,j)
1y, 1
=", HET (P (M)2E, x" (i, ))
> 2. "G, HET'E x"G,j).  (17)
We now estimate the value of V"(x"(0,/)) .
For this, we notice that
V" @"(0,) =x"7(0,/)EP"E,x"(0, /)

B
+ z a};l—}thT(k,jx?hxh(k,j)
k==d,

1 1
=x"7(0,/))E,([")2P (I")2E,x"(0,))

1, 1
+ 3 @ TR, HT2Q (T2 (R ).
k=*dh

Therefore,

Vi (0,j)< AP x"T0,)ET'E,x"(0, /)
—h
Qs loll (18)

For initial sequences (4,y), assume that
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max {n ¢ HFh WEE, 1P 6 1) }
Then, we have

—h
hyh . (" 4@ )s"’h
Vi (0,.]))S AT (P )+W Cp- (19)
h

The next two terms in (16) can be

manipulated as follows

i-1
5 B g T, BT RE, 5" . )
k=0 C
-1
C Z 1o vT(k J)ET(I—L)ZR (FL)ZE X (k .])

cﬂ* =) - R .
z et Tk, ETE, x (k. j)  (20)

and

[N
=

a;fl—kxlﬂ'(k,j _dv )EUTSUEUxU(k’j _du)

£l
I
)
o

e i-1 1
= BN i T (e, j —d B, ()2

C k=0
U l
xS (F")ZE x'(k,j 7dv)

(S
<07()Z;1k Tk, j d)

c k=0

xET'E,x"(k,j ~d,). (21)
From (16) to (21), we finally obtain

<", ))E T"E,x" (i, )

—_n A@ s
< @
PR 12,1
M St Tk, ETE x° (k)
c/l(P ) k=0
e A" (S )& v
Lz (kG —-d)
cA (P ) k=0
<ETTE, <" (k,j —d,). (22)

By similar lines used in formulating (22),
we then obtain

88

"G, HET'E x° (i, )

—h
FRHE
AP BIG s w i DE TR, x4, 1)

cﬂ(ﬁy) =0

S8 SO ol T d, D)

ca @) =

<ET'E x"(i -d,,1). (23)

We now prove by induction in i that, for

any j satisfying 0<j<D,, by condition (6), the

following inequalities hold

<", ET'E, x"G,)) < ye (24)
and
x"T(i,)E TE, 2" (i,j) < (1- k. (25)

Indeed, let i=0 in (23). For

j=01,.,D,-1, wehave

x"7(0,))ET'E, (0, )
ca | = AQs,
AP ) ——
AP IE, |

<

+%[ﬂuf(§h)+%ﬁ(§h>y& (26)
i)

In view of inequality (26) and condition (8),

we arrive at

x"7(0,/)E T'E x°(0,7) < (1-yk. (27)

Let i =1 in (22), for 0<; <D,, we have

"L, HET'E, x"(1,))

+

b [B,A"(R x*T(0,)ET'E,x" (0, /)
cA(P)

4,278 )20, j ~d)E T'E, 2" (0,j —d)].  (28)

If o<j<d ,then i=,-d e[d 0] and we

have

x"7(0,j ~d,)ET°E, x"(0,j —d,)
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=y (0,DET'E y(0,1)
Ay ||f5”v <c, <(1-px.

If j>d, then j-d >0.By(27), we have
x"7(0,j —d )E T'E x°(0,j —d ) < (1-yk.

Therefore,
x"7(0,j —~d )ET'E x"(0,j —d ) < (1 -y (29)
holds for all j >0.From (27)-(29), we obtain

x"T(1L,)ET"E,x"(1,))

—h
- . Qs
<SE @)+ .
AP &, I
Dc a
[ﬂ AR )+ p A0S )](1 7). (30)
/1 (P )
By condition (7), the estimation (30) gives
"L, )ET'E, x"(1,j) < ye. (31)

Let i =1 in (23), we have

x”T(l,j)EUTI”’EUx"(l,j)

B N
e A %
AP IE, |
Mz ST (L, DE T'E, 2" (1,0)
cA ) 17
.
+7#”C”/1;(? 5, al " T(1-d,,1)
cA () 1
xE'T'E, x"(1-d,,1). (32)

If 4, =0 then by utilizing (31), we have
2" (1-d,,DE,T"E,x"(1-d,,l)
=x"(LDE,T"E,x"(1,1)
< yc.
If d, >0, then & =1-d, €[-d,,0]. Therefore,
x"(1-d,,DET"E,x"(1-d,,l)
=¢"(k,DE,T'E, §(k,1)

EI‘E

=S4 %

DOI: 10.26459/hueunijns.v130i1D.6283

<c, <yc.
Asa consequence,
<" (1-d,,DET"E,x"(1-d,,l) < ye. (33)

It follows from (31)-(33) and condition (8)
that
x”T(l,j)EUTF”EUx”(l,j)
ﬂf(év )Sav

AP A

<1-pk. (34)

As a final step, assume that estimate (24)
holds for 0<i <D, -1, thatis,

<", )ET"E,x"(i,j) <ye,i =0,1,...,D, ~ 1.
then, it is clear from (23) that
x"G,J)E T'E, x" (i,j) < (1-yk (35)

holds for i=0,1,.,D,-1 . Now, for i=D, ,

0<j <D,, from (22), we have

"D, )ET"E, x"(D,,j)

L, r@s,
A T .
A(P) &, |
y) 1~
+°’7(R) zafl” T, ETE x" (k)
cA (@) i
A " b
7“'1"'1 SO vt g i g
ca Py i
xET'E x"(k,j -d,). (36)

Note that, if 0<j <d, , then j-d e[, 0]

and we have
%", j ~d)ET'E 2" (i,j —d ) <c, <(1-pk

for all i <D -1.1If j>d , then j-d >0. From
(35),

%", j —d ETE x"G,j —d ) < (1-yk
for 0<i <D, -1. Therefore,

%", j ~d)ET'E x"(i,j ~d ) < (1-yk, (37)
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for all 0<i<D -1,j>0. This, by condition (7),

shows that

x"(D,j)E]L"E,x"(D,,j)

<—" | 7P )+ f‘h
/1+(Ph) IE, I
Dc a — —
42 [ﬁh/r(R )+ u, A0 (S )j(l—y)
AP
<7yc. (38)

By the same arguments used in deriving

(38), for i =D, 0<;<D,, we also have

x""(D,)ET'E,x*(D,,j) < (1~ k. (39)

Thus, for any G,j)eD, xD,, it follows from

(38) and (39) that

x "G, j)E TEx(,j)= «"G,j)E/T"E,x"(,j)

+x" 7, j)ET'E x° (i, )

<ye+(1-yk =c. (40)
The last inequality in (40) shows that the 2-

D singular systems in the form of (1) is SFRS with

(,c,,c,,D, xD,,T)

respect to The proof is

completed.

Remark 1 For given positive scalars ¢, ¢, ,
¢, and positive integers D , D,, the derived stability
conditions in Theorem 1 are still involved non-convex
scalars a,, o and therefore «. However, by fixing
the scalars a,, o , the derived conditions in (7)-(8)
can be reduced to LMIs, which, together with (5)-(6),
can be effectively solved by various convex algorithms,
for instance, the interior-point algorithm implemented
in Matlab LMI Control Toolbox. In addition, by
iteratively solving the LMIs given in Theorem 1 with
respect to turning parameter c¢ for fixed parameters
¢,, ¢, and D, D,, we can find a possible minimum

h

bound of the threshold c .

90

An illustrative example

Consider a thermal process which is
described by the following delayed partial
differential equation
oT (x,t) +6T(X,t)

ox ot
=al (x,t)+al(x —7 ,t)+aT (x,t —7,), (41)

where T(x,t) is an unknown function like

temperature, for example, at space x <[0,L] and

time ¢e[0,0) , a,a,s, are real constant

At

coefficients and r , ¢ are time-varying delays.

For given increments ax and At , denote

TG,j)=TGrc,jar) and the derivatives % ,

% will be computed by using the forward

Euler scheme as

T (x,t) TG, j)-TG-1,j)

ox Ax

T (x,t) TG,j)-T(,j-1)

a At '
Define 2", ) =TG -1,)) and
x°(,7)=T=G,j) then the corresponding
discretization process transforms (41) into a 2-D

discrete-time system of the form
{1 O:H:xh(l +1,j)} _ .A|:xh(i’j):|+Ad |:xh(l —‘[h(i),j):|’
0 0f|x"G,j+1) x"@,j) x"(,j-7,(G)
(42)
where 7,G)=lr, /ac] and ¢ (j)=lz, /A ].
For illustrative

purpose, the system

matrices of (42) are given as

_|-0084 —07186]  _[0 04286
0.084 17186 | ¢ |0 -0.4286|



Hue University Journal of Science: Natural Science
Vol. 130, No. 1D, 83-92, 2021

pISSN 1859-1388
elSSN 2615-9678

(@) *"(i, )

x"(i,j)

0.6 ~

(b) x*(i, f)

Fig. 1. A state trajectory of system (38) with 7, () =1+4Isin(zi /2)1, 7 (j)=1+5lsin(zj /2)1, d, =5,d =6

With delays 1<7,G)<5, 1<7(j)<6, I'=1,,
and for given scalars ¢, =c, =05, D, =D, =20, by
using Matlab LMI toolbox, it is found that the
derived conditions in Theorem 1 are satisfied with
¢ =5 (other parameters are omitted here). By
Theorem 1, system (42) is singularly finite-region
stable with respect to (,c,,c,,D, xD,,T)
Simulation results presented in Fig. 1(a)-(b) are
taken with 7,(0)=1+4sin(zi / 2)| ,
t(j)=1+5lsin(zj /2)| and finite support initial
sequences x"(k,j)=05 for keZ[-50], j<30,
and x°G,l)=05 for i<30,l<Z[-6,0]. It can be
seen that the corresponding state trajectory of (42)
is confined within the threshold as revealed by

the result of Theorem 1.

4 Conclusion

The problem of finite-region stability has been
studied for a class of 2-D singular systems in the
Roesser model with directional delays. Based on a
2-D Lyapunov-like functional method and zero-
type free matrix equations techniques, delay-
dependent finite-region stability conditions have
been derived in terms of tractable LMIs. More

specifically, it has been shown that, by the derived

DOI: 10.26459/hueunijns.v130i1D.6283

LMI-based conditions, all state trajectories of the
system do not exceed a prescribed threshold over
a pre-specified finite-region of times for any initial
state sequences with energy-norms of dynamic

parts do not exceed given bounds.
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