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Abstract. The Harnack distance on space R™ and its conformal invariance were constructed and
studied by Herron. In this paper, we obtain the Harnack distance on domains D in C. Then, we use
this concept to investigate some properties of the positive harmonic function class. These results are
obtained in the complex plane, so it is advantageous to take some tools of the complex analysis. The
main result of this paper is the property of the local uniform convergence of the positive harmonic

sequences on a domain in the complex plane.
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1 Introduction

Harmonic functions and subharmonic functions
are the main research subject of potential theory.
These function classes are usually presented in
space R" [1-3]. In [4], the author constructed the
Harnack distance on space R"™ and studied its
conformal invariance. This is convenient to use
the differential operators and integral operators
that are common in the theory of multivariable
functions. However, it does not take advantage of
the powerful tools of complex analysis. Moreover,
it is hard to expand many results to the
pluripotential theory [3]. In this paper, we
investigate some results of the positive harmonic
function class in C. Then, we use these results to
uniform

prove the property of the local

convergence of the positive harmonic sequences.

From this research, we also pose an open
question of whether it is possible to extend this

result to the new function classes [5-7].
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2 Preliminaries

We denote C be a complex plane. A subset D c C
is called a domain if it is open, connected, and
non-empty. A disc centred at w with radius ¢ is

denoted and defined as
Aw,6) ={z€C:|z—w| <6}

Let U be an open subset in C. The function
h:U — R is harmonic if it isin C%(U) and satisfies
the Laplace equation as follows:

2

2h
Ah(z) = ﬁ(z) + O—yZ(Z) =0,

for all z=x+iyeU . A positive harmonic
function h on U is a harmonic function and h =
0 on U.

We need the identity principle for the
harmonic class to prove the main result. We cite

here for convenient reading.

Theorem 2.1 Let h and k be harmonic
functions on domain D in C. If h =k on non-
empty open subset U of D; then h =k on the
whole D.
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Proof: If h,k are harmonic functions on D,
then h — k is also a harmonic function on D. So,

we can suppose, without loss of generality, that

k=0. Set g = Z—Z— ig—z. Then, from the proof of
Theorem 1 (page 111 [8]), g is holomorphic on D,
and also g=0 on U since h=0. From the
identity principle for holomorphic functions, it

follows that g =0 throughout D, and, hence,

dh

that —=—=0 on D. Therefore, h is constant
dx ady

on D; and since h = 0 on U, this implies that the

constant must be zero. o

One of the most important results for the
positive harmonic function class is the Harnack’s

inequality

Theorem 2.2 Let h be a positive harmonic
function on disc A(w, §). Then, for all r < § and
0<t<2m,

6—r

S+r
Proof: see Theorem 2.14 [4]. i

. S§+r
h(w) < h(w + re't) < mh(w)

Prompted by the Harnack’s inequality, the

Harnack distance is defined as follow:

Definition 2.3 Let D be a domain in C.
Given z,w € D, the Harnack distance between z

and w, denoted by t,(z,w), and defined as
75(z, w) = min{t € R: 77 h(w) < h(2) < th(w)},

where min is taken over all the positive harmonic

functions h on D.

The following result is a formulation of the
Harnack distance from a point in a disc to its

centre.

Theorem 2.4 If A= A(w, §), then

Proof: Let z € A. From Harnack’s inequality

(Theorem 2.2), we have

— — + —
p-lz w'h(w)Sh(z)s—Z_lz ad

|z — ol

ot 17— al h(w)
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for all positive harmonic functions h on A. From

the definition of the Harnack distance, we infer

+|1z—w
‘L'A(z,w)Sp l |

€y

p—lz—owl
On the other hand, for each [§| =1, let h;
be a function definite on A as follows:

e =p (%) = e (EEEZD))
where P is the Poisson kernel [3]. From the
property of the Poisson kernel (Lemma 2.2.1 [3]),
we infer that h; is a positive harmonic function
on A. We have hg(w)=1. Set z=w+re’,
where r = |z — w| and & = e, then

i0 it 2_,.2
() = Re (Etze) £

pelf—reit 2-27p cos(t—0)+72’

From the definition of 7,(z, w), we have
73 (2, 0)he (W) < he (2) < 10(2, W) he ().
This is equivalent to

pr—r?
-1 : h S
75 (z, w)hg (w) p? — 2rpcos(t — 6) + r2

< 1A(z, w)h: (w),

forall 0 < 6 < 2m. Choose 6 = t, we have
-1 prr
73 (z, whg(w) < p < 15(z, w)he (w).

Sine hg(w) =1, so

p+tr pt+lz—owl

TA(z, w) =

()

p—r p—lz—ol
From (1) and (2), we infer that the item is

proved. o

In the main result of this paper, we use the
Harnack distance to prove a result of the local
uniform convergence of the positive harmonic
sequence. Let (h,) be a sequence of functions
that are defined on open set U. The sequence (h,)
is said to be point-wise convergence to function h
if for each z€ U and &> 0, there exists N =
N(z,&) > 0 such that

lhn(2) = h(z)| <& (Vn=N).
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Let E c U. The sequence (h,) is said to be
a uniform convergence to h on E if for each ¢ >
0, there exists N = N(g) > 0, such that

|h,(z) —h(z)| <e (Vz€E,Vnz=N).

The sequence (h,) is said to be a local
uniform convergence to h on U if for each z € U,
there exists a neighborhood E, of x such that

h, = h uniformly on E,.

We also need the following for the proof of

the main theorem.

Theorem 2.5 Let (h,) be positive harmonic
functions on domain D in C . Then, either
h, - + uniform, or else

locally some

subsequence h,,; — h locally uniform, where h is

harmonic on D.

Proof: Fix w € D. For all z€D and n>1,

from the inequalities
5 (2, Why (W) < hy(2) < 1z, Wh, (W), (%)

it follows that if h,(w) — +oo, then, also h,, - +o
locally uniform on D, and if h,(w) — 0, then, also
hy, = 0 locally uniform on D. Therefore, replacing
(h,) by a subsequence if necessary, we can
reduce to the case where the sequence
(logh,(W))y21 is bounded. The inequality (*)
then implies that (logh,),s; is locally uniformly
bounded on D, and so it suffices to prove that
(hn].) such that

there is a subsequence

(loghy))j»1 islocally uniformly convergent on D.

Let S be a countable dense subset of D.
The sequence (logh,(§))n»1 is bounded for each
§ €S, so with a “diagonal argument”, we may
find a subsequence (hn)) such that (log hy; (§)) 21
is convergent for each ¢ € S. We shall show that,
for this subsequence, (log hnj) j=1 is locally

uninformly convergent on D.

Let K be a compact subset of D, and let
&> 0.Foreach z € K, let

V, ={z' € D:logtp(z,2") < ¢},
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And let Vopr i Voo be a finite subcover of
K. As S is dense in D, for each [, we can pick a
point & €V, NS. Then, there exists N =1 such
that

[log 1, (61) —log h, (D] < &
for all nj,n, = N,l =1,2,..,m. According to the

definition of the Harnack distance,

[tog 1, (2) — log hy, (£1)] < log 75 (2,8) < 2e,

for all z € V,,. Then, we have a similar inequality

for h,, . Hence,
|log hnj(z) —log hnk(z)| < 5¢ (nj,nk >N,z € K).

Thus, (log hnj) j>1 is a uniform Cauchy on

K, and so uniformly convergent there. m

3 Main results

Theorem 3.1 Let (h,),»; be positive harmonic
functions on domain D c C. If (h,),»; converge
point-wise for each z in a non-empty open subset
of D, then (hy),»; converge locally uniformly on
the whole of D.

Proof: Following the hypothesis, there exists
@ # w c D, and w is open such that the sequence
(hp)n=1 converges for every z € w. Then, we have
h, +» +oo,
on D. According to Theorem 2.5, there exists a
subsequence (hnj) such that

hnj—>h,j—>+oo

is local uniform on D and h is a harmonic

function on D.

First, we shall prove that the sequence (h,)
converges point-wise to h on D: we suppose that
(h,) does not converge point-wise to h on D.
Then, there exists a point z, € D, a number € > 0

and a subsequence (hm].) such that

hmj(zo) — h(zy)| > & (Vj =1,2,...).
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By applying Theorem 2.5 for the

subsequence (hml.), we have two cases that can

occur as follows:

o Either the sequence hy,,; - +c0 when

j = + is locally uniform on D. Then, h = 4o
on open subset w of D. So, according to the
identity principle (Theorem 2.1), h = 4o on D.
This is contrary to the hypothesis.

. Or, there exists a subsequence (hm].k)

such that
hmjk - h,k - 4o,

Is locally uniform on D. Then, h = h on
open subset w of D. Again, according to the
identity principle, h = h on D. According to this
and the contrary hypothesis,

hm . (Z0) = h(zy)| > & (Vj =1,2,..).

This is contrary to the convergence of the

sequence (hmjk) of the function h on D.

Next, we prove the sequence (h,)

converges locally uniformly to h on D: Let z; €
D. Choose § > 0 such that A(z,,6) € D. We will

prove (h,) converges locally uniformly to h on

A(zl,g). Indeed, given &> 0. Then, for every
zZ,w € A(zl,g) and every positive harmonic
function h on D, we have

TA_(]‘-,Vllg) (z,w)h(w) < h(2) < Taw,s) (2, W)h(W) (x*)
where

5
S+lz—w| 6+5

< =3.
6—|z—w| 8
2

TAw,8) (z,w) =

— Applying (**) for w = z;, we infer each
point z € A(zl,g), there exists a number M, > 0

such that
lh(2)| <M,, (1)
for all positive harmonic function h on D.

— Since

64

6§+ |z—w|

m —F=
|Z—W|—>0(5 — |Z - W|

)

So, there exists 6; > 0 such that for every
z —w| < §;, we have
6+ |z—w| £
— 1< :
6—|z—w| 4M,

equivalent to

&
4M,

(2)

Taws)(Zw) —1<

We consider 6, - a finite net

{z1,25, ...z} C A(zl,g) such that

" )
U A(z;,8,) > A (zl,E).
j=1

— Since the sequence (h,) converges at
points zy,zy,...,z, to h, so there exists ny =1

large enough such that for every n > n,, we have
£
|ha(z) — h(z)| < 7 (v =12,.).

Each w € A(zl,g) is arbitrary. Then, there

exists z; such that |w — z;| < §;. We have

lhp (W) — RW)| < Ry (W) — hn(2))]
+ |hn () = h(#)]
+|h(z) — hW)|. (3)

For all positive harmonic functions u, we

have

(tatws (2 w) = Du(z) < uw) —u(z)
< (tawe (2, w) = Du(z).

From this, we infer

luw) —u(z)| < (rawe (2, w) = Du(z)].

From (1) and (2), we imply that

C)

£ £
|u(w) — u(zj)| < WZ.MZI' =7
J

Applying (4) for functions h, and h, then
input them to (3), we imply that

e+e+e
—H—t-—=g¢
4

hn (W) = hW)I <7+
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forall n >n, and all w € A(Zl,g). i

4 Conclusions

In this note, we prove a property of the local
uniform convergence of the positive harmonic
sequence with the main result, and it is Theorem
3.1. All the results in this paper are presented in
space R? equivalent to complex plane C. This
allows us to use the powerful tools of complex
analysis to demonstrate and prove the results. By
the way, we propose an open question of whether

this property is valid for new function classes.
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