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Hilbert coefficients of ideals under perturbation of an ideal
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Abstract. Let (R, m) be a noetherian local ring, ] an m-primary ideal of R and I = (f1, ..., f¢) an ideal generated

by a filter regular sequence fi, ..., f in R. In this paper, we will prove the preserve of Hilbert coefficients of R/

with respect to ] under J-adic perturbations of I, provided that | is a parameter ideal generated by a d-sequence of

R/(f1,. fi) fori=1,..,r.
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1 Introduction

Let (R, m) be a noetherian local ring and ] an m-primary
ideal of R. For an ideal I = (fj, ..., fr) of R, the ideal
I' = (f{,.., f) of R is said to be J-adic perturbation of I if
fi=fi mod " i=1,..,rforn>0.If I'is an m-adic
perturbation then I’ is called small perturbation of I.

The aim of this paper is to study the preserve
of Hilbert coefficients of R/I with respect to | under
J-adic perturbations of I. More precisely, we wish to es-
timate the least number N such that Hilbert coefficients
of R/I and R/I’ with respect to | are the same; that is,
ej(J,R/1) = ¢;(J,R/I') foralln >0, j =0,...,dimR/I
and fi’ = f; mod JN,i=1,..,r. Such the number N is
called the Hilbert perturbation index of I with respect to J,
denoted by N(J, I).

The preserve of the Hilbert function under per-
turbation has been studied by many mathematicians.
Srinivas and Trivedi in 1996 [1] showed that the Hilbert-
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Samuel function of R/I is preserved under small per-
turbations of I if R is a generalized Cohen-Macaulay
and I is generated by a part of system of parameters.
Srinivas and Trivedi also conjectured that the same is
true if R is an arbitrary local ring and fi, ..., f; is a filter-
regular sequence. This conjecture was solved by Ma,
Quy and Smirnov [2] when they proved the stronger
result that for J-adic perturbation and | + I is an m-
primary ideal of R. Later, Quy and N. V. Trung [3]
proved that Gj(R/I) = G;(R/I") under J-adic pertur-
bation for arbitrary ideal J, which implies that the con-
jecture of Srinivas and Trivedi is true and they gave an
explicit upper bound for the Hilbert perturbation index
N of I with respect J. Quy and N. V. Trung also proved
that Gj(R/I) = Gj(R/I') under J-adic perturbation if
and only if I is generated by a J-filter regular sequence.

Our main result is to give a linear bound for
N(J,I) in terms of the Cohen-Macaulay deviation pro-
vided that R is a noetherian local ring and I is an ideal
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generated by a filter regular sequence of R and ] is a pa-
rameter ideal generated by a d-sequence of R/ (fi, ..., f;)
fori=1,..r.

Theorem 3.6 Let (R, m) be a noetherian local ring of dimen-
sion d, | an m-primary ideal of R and I = (fy, ..., fy) an ideal
generated by a filter reqular sequence f1, ..., fr. Suppose that |
is an ideal generated by a d-sequence of R/ (f1, ..., f;) fori =
1,..,r. Sets =d—rand A; = MJ,R/(f1, .., fii1)),i =
1,...,r. Let A=max{A; |i=1,..,r} and

N=(@2 -1)A+1.
Then for every €1, ..., & € N,
ej(J,R/I) =ei(J,R/I')

for0<j<sandI' = (f +e1,.. fr +&).

2 Preliminary

Let (R, m) be a noetherian local ring and ] an m-primary
ideal of R. For each finitely generated R-module M of
dimension d, denote A(.) the length of finitely generated

R-module, the numerical function

Hy : Z — Ny

A(M/J"M) ifn >0,

n%HM(n):{o ifn < 0;

is said to be a Hilbert-Samuel function of M with respect
to J. It is well known that there exists a polynomial
Py € QIx] of degree d such that Hy(n) = Py (n) for
n > 0. The polynomial Py is called the Hilbert-Samuel
polynomial of M with respect to | and it is written in the

form
d (n+d—i—1
O N G EA)
i=0 -1
where ¢;(J,M) for i = 0,..,d are integers, called

Hilbert coefficients of M with respect to J. In particu-
lar, e(J, M) := eo(], M) is called the multiplicity of M
with respect to J.

126

We write Spec(R) := {p C R| pis a prime ideal of R}.

Let M be a finitely generated R-module, an ideal
p € Spec(R) is said to be associated to M if p = (0 :g m)
for some m € M. We denote by Assg(M) the set
of associated primes of M. A system of elements

{f1,... fr} € mis called a filter reqular sequence of M if

fi € pforallp € (Assg(M/(f1, -, fi-1)M))\{m}

foralli=1,..,r.

For each j € Z, we set
M; = Homg (Hi (M), E),

where E = Eg(R/m) denotes the injective envelope of
R/m. Then M; is a finitely generated R-module with
dimg M; < j. For each finitely generated R-module M
with d = dim M and for each m-primary ideal | of R,
the homological degree hdeg(], M) of M with respect to |
is defined by

hdeg(J, M) =
A(M)

d—1 d—1
e(],M)+Z( . )hdeg(],Mi) if d > 0.
i=0

ifd <0;

The homological degree of a module M with re-
spect to an m-primary ideal | was introduced in [4],
a generalization of the notion of homological degree
hdeg(M) defined by Vasconcelos [5]; that is,

hdeg(m, M) = hdeg(M).

An another way, if R is a homomorphic image of Goren-

stein S of dimension n
hdeg(J, M) =
A(M)

d—1
e(J,M)+ Y <d : 1> hdeg(J, Exti'(M,S)) ifd > 0.
i=0

if d <0;

We can verify that hdeg(J, M) is an extended de-
gree of M with respect to | (see [5] for the case | = m).
We denote by

A(]r M) = hdeg(]/ M) - E’(], M)/



Hue University Journal of Science: Natural Science
Vol. 133, No. 1B, 125-130, 2024

pISSN 1859-1388
eISSN 2615-9678

is called the Cohen-Macaulay deviation of M with respect
to J. In the case M = R, we use A(J) := A(J,R). If
J = m, we write A(M) = A(m, M).

Recall that a sequence x1, ..., xs of R is said to be
d-sequence if it satisfies one of the following three equiv-
alent conditions:

(i) (1, xio1) -
1<i<k<s;

(i) (%1, x;21) %) N g = (x1,..,x;1) for 1 <
i<sand q=(x1,..,%s);

(i) (x1,..,xi-1) @ x; = Upeq(x1,.%i21) © g
and x; ¢ p for all p € Ass(R/(xq,...,x-1))\V(q)

i =1,..,s, where ¢ = (x1,..,%5) and V(q) = {p €
Spec(R) | p 2 q}.

If we denote by G;(M) = @®,50 J"M/]" "M the
associated graded module of M with respect to J, it is
well known that G;(M) is a graded Gj(R)-module and
set

XiX = (x1,...,xi,1) Xk for

n

for

a;(Gj(M)) = sup{n | Hg ()« (Gj(M))u # 0}

then the Castelnuovo-Mumford regularity of Gj(M) is
defined by

reg(Gy(M)) = max{a;(G;(M)) +i | i > 0}.

3 Main result

Let (R, m) be a noetherian local ring of dimension d, |
an m-primary ideal of R and I = (fi, ..., f) an ideal gen-
erated by a filter regular sequence f, ..., f; in R. Suppose
that | is a parameter ideal generated by a d-sequence
of R/(f1,..., fi) for i = 1,..,r. In this section, we will
prove that Hilbert coefficients of R/I with respect to |
does not change under J-adic perturbations of I. First,
we need some useful lemmas for the proof of the main
theorem.

The following lemma is implied directly from
properties of homological degree.

Lemma 3.1. Let (R, m) be a noetherian local ring, | an m-
primary ideal of R and M a finitely generated R-module. Let
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L be a submodule of M with finite length then
A(], M) = A(], M/L) + A(L).

Proof. Since hdeg(], M) is an extended degree of M with

respect to J,
hdeg(J, M) = hdeg(J, M/L) + A(L).
Therefore
A(], M) = hdeg(], M) —e(], M)
= hdeg(J, M/L) + A(L) — e(], M)
=A(],M/L) + A(L).
O

The next lemma gives the vanishing of the
Castelnuovo-Mumford regularity if | is an ideal gen-

erated by a d-sequence of R/(fy,..., f;) foralli=1,..,r.

Lemma 3.2. Let (R, m) be a noetherian local ring, | an m-
primary ideal of R and I = (f1, ..., f;) an ideal generated by
a filter regular sequence f1, ..., fy in R. Suppose that | is an
ideal generated by a d-sequence of R/ (f1, ..., fi) fori =1,...,r.
Then

reg(Gj(R/(f1,..., fi)) =0 for i=1,..,1.

Proof. Since ] is an ideal generated by a d-sequence of
R/(f1,..., fi) fori=1,..,r, by [6, Corollary 5.2], we have

reg(Gy(R/(f1, .-, fi)) =0 for i =1,..,r.
O

Combining Lemma 3.1, Lemma 3.2 and [3, Theo-
rem 3.5 (i)], we have the following corollary.

Corollary 3.3. Let (R, m) be a noetherian local ring, | an
m-primary ideal of R and I = (f1,..., fy) an ideal gener-
ated by a filter reqular sequence fi, ..., fr. Suppose that |
is an ideal generated by a d-sequence of R/(f1,..., fi) for
i=1,..r Let A; = AJ,R/(f1,-, fiz1)),i=1,..,rand
A=max{A;|i=1,..r}. Set

N=(2 -—1)A+1.
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Then for every €1, ..., & € ]N

i) f1 + €1, ..., fr + € is a filter regular sequence;

ii) ] is an ideal generated by a d-sequence of R/T’,
where I' = (f1 + €1, ..., fr +&).

Proof. i) Since fi, ..., f; is a filter regular sequence,

AM(f1y o fic1) = fil (frre fic1)) <
A(HY (R/(f1s s fi-1))

fori =1,...,r. By the proof [3, Theorem 3.5],

aj((f1, - fi1) + fi/ (fr - fic1)) <
M1y fic1) 2 fid (fr e fic1))-

But HY (R/(f1, -, fi_1)) is a submodule of finite length
of R/(f1,.., fi—1). By Lemma 3.1,

AHY(R/ (fi, e fic1)) < AL R/ (Frs oo fim1))

fori=1,...,r. Hence

r

Y 2 ((fry e fiot) © fil (frs oo fio1)) <

i=1
(14+2+---+27"HAa= (2" - 1)A.

By Lemma 3.2, reg(Gj(R/(f1,..., fi))) =0fori=1,..,r.

Therefore
max{ézi-la;<<f1,...,ﬂ1> il iy i)

arj(R/ (fy), - ary(R/ (fi, . fr))} +1
<@ -1)A+1=N.

By [3, Theorem 3.5, (i)], f1 + €1, ..., fr + &, is a filter regu-
lar sequence for all ¢4, ..., &, € JN.

ii) By [3, Corollary 3.12 (ii)], reg(G;(R/I")) =
reg(Gj(R/1)), but reg(Gj(R/I)) = 0, it follows that
reg(Gj(R/I")) = 0. By [6, Corollary 5.2], ] is an ideal
generated by a d-sequence of R/I'. O

The following proposition gives the isomorphism

of I = (f1,..., fr) and its perturbation.

Proposition 3.4. Let (R, m) be a noetherian local ring of di-
mension d, | an m-primary ideal of R and I = (fi, ..., fr) an
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ideal generated by a filter reqular sequence f1, ..., fy. Suppose
that | is an ideal generated by a d-sequence of R/ (f1, ..., f;)

fori=1,..r. Let A; = A(J,R/(f1,.., fi—1)),i=1,.,7
and A = max{A; | i =1,...,r}. Set

N = (2" —1)A+1.
e e N,

(fr o fi) = (L + €1, fit )

fori=1,..r

Then for every €1, .

Proof. We will prove by induction on r.

In the case r = 1. Set f = f1 and &€ = &¢1. We will
prove

0: (F+e) = (0: f).

Let z € (0 : f) € HY(R),zf = 0, we have N >
A(HY (R)), since ¢ € JN, it follows that ze = 0. So
z(f+¢€) =0 hencez € (0: (f +¢)). Therefore (0: f) C
(0: (f +e¢)). Inverserly, by Corollary 3.3, f + ¢ is a filter
regular element of R, thus (0 : (f +¢)) € H%(R) but
ecJN wegetey=0forally € (0:(f+e¢)).Soyf=0
forally € (0: (f +e¢)). Therefore, (0: (f+¢)) C (0: f).
From the exact sequences

0— (0:f) —R—(f) —0
and
0— (0:(f+¢) —R—(f+e) —0,

we get
(f)=(f+e).
In the case r > 2, by induction we may assume
that

(fir e fic1) = (f1 + €1, fic1 +€i21)

for all eq,...,e; 1 € JN. Consider the exact sequences

(3.1)

(fi e fic1) o fi R
O i) i)
(f1 - fi-1, fi)
(f1, w0 fi1) 0
and
(f, - fic1) 2 (fi + &) R
0= (f1 - fie1) e fy)



Hue University Journal of Science: Natural Science
Vol. 133, No. 1B, 125-130, 2024

pISSN 1859-1388
eISSN 2615-9678

(flr "'/fi—l/fi + Si)
Forfin) 0

fori=1,..,r. Apply the above proof for R/ (f1,..., fi_1),

we have

(1, fic1) 1 fi o (1o fic1) 2 (fi +84)

(fir o fii) (f1r e fic1)

for all ¢; € JN. It follows that

(fro fi1 fi) o (Froen ficr fi+80)
(f1 - fi-1) (f1 - fi-1)

for all ¢; € JN. Therefore

(f1, o ficr fi) = (f1 o fio1, fi + €0) (32)

for all ¢; € JN. From (3.1) and (3.2),

(fl/m/fifliﬂ) = (fl + 81/'"/fi*l + Sifllfl' + 51')
forall ey, ....e; € JNandi=1,..,7. O

From Proposition 3.4, we obtain the following

corollary.

Corollary 3.5. Let (R, m) be a noetherian local ring of dimen-
sion d, | an m-primary ideal of R and I = (fy, ..., fy) an ideal
generated by a filter regular sequence f1, ..., fr. Suppose that |
is an ideal generated by a d-sequence of R/ (f1, ..., f;) for i =
1,..,r. Sets =d—rand A; = AM(J,R/(f1, ., fi—1)),1 =
1,..,r. Let A=max{A; |i=1,..,r}and

N=(2"-1)A+1.
Then for every €1, ...,& € JN,
A(Hp(R/(I+ Ji))) = AMHp (R/(I'+ Ji)))

where J = (x1,..,%¢) for 0 < k < s—1and I' =
(fl +81/'-'/f7+87)'

Proof. By Proposition 3.4, for all e1,...,&; € | N,

(f1, ...,fr) = (f1 + €1, ...,fr + Er).

It follows that
(fll--'/fr) + Ik = (fl +£1/-'-/fr +£T’) + ]k
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for 0 < k < s — 1. Therefore
R/(I+Ji) = R/(I' + Ji)
for 0 <k <s—1. We get
A(Hp (R/(I+J))) = A(Hp (R/(I' + Ji)))
for0 <k <s-—1. O
Now we are in a position to derive the main result.

Theorem 3.6. Let (R, m) be a noetherian local ring of di-
mension d, | an wm-primary ideal of R and I = (f1, ..., fr)
an ideal generated by a filter reqular sequence f1, ..., fr. Sup-
pose that | is a parameter ideal generated by a d-sequence
of R/(f1,... fi) fori =1,..,r. Sets =d—rand A; =
A(J,R/(f1,. fic1)),i = 1,..,r. Let A = max{A; | i =
1,..,r} and
N=(2"-1)A+1.

Then for every ey, . ..,& € JV,
€](],R/I) = 6](],R/I/)
for0<j<sandI' = (f1 +¢1,.. fr +&).

Proof. Assume that | = (x1, ..., Xs) is a parameter ideal
generated by a d-sequence of R/I. By [7, Theorem 4.1],
Hilbert coefficients of R/I with respect to | can be writ-
ten as the following

(R (Ut )i
K“LR”’_A<I+I> A( T+ )’

- (U ) X
(=1)e;(J,R/I) =A ( e )

(I + ]s—j—l) P Xs—j
A( Ty - )
(=1)%es(J,R/I) = A (I :I’“) .

On the other hand,
(1+Ik)¢xk+1>_ ( ( R ))
A( EA A LAV

forj=1,..,s-1;

3o
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forall 1 <k <s — 1. By Corollary 3.5, we have

g (Hg“ (If]k» - (H‘(’)“ (Fih))

forall1 <k<s—1andey,..e € JN. By Corollary 3.3
(ii), J is a parameter ideal generated by a d-sequence of
R/, therefore

(I/+Ik):xk+l)_ (o< R )>
A( ey A R S R S T

foralll1 <k<s—1andey,.. e € JN. It follows that

/\((I+Ik) 1xk+1> :A<(1,‘|‘]k)3xk+1>

I+ I+

foralll1 <k <s—1andey,..e € JN. On the other
hand, by Proposition 3.4,

AR/ (I+])) = AMR/(I"+]))
for all eq,...,e, € JN. Therefore
ej(J,R/I) = ej(J,R/I')
forall 0 < j <s. O

From Theorem 3.6 and [7, Theorem 4.1], we have

the following corollary.

Corollary 3.7. Let (R, m) be a noetherian local ring of dimen-
sion d, | an m-primary ideal of R and I = (fy, ..., fy) an ideal
generated by a filter reqular sequence f1, ..., fr. Suppose that |
is a parameter ideal generated by a d-sequence of R/ (f1, ..., f;)

fori=1,..,r. Set A; = A(J,R/(f1, -, fi_1)),i=1,..,r
Let A =max{A; |i=1,..,r} and

N= (2 —1)A+1.
Then for every ey, ... & € JN,
AR/ (T4 ")) = AR/ (I' 4 1))

foralln > 0and I' = (f1 + €1, ..., fr + &r).
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Remark 3.8. In the case | is a parameter ideal generated
by a d-sequence of R/(fi,..., fi) fori =1,...,r, Corollary
3.7 gives a linear bound for the Hilbert perturbation

index in terms of the Cohen-Macaulay deviation.
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